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Abstract 
 

A new mathematical finite element model suitable for the general bending analysis of 

annular plate structure is developed in polar coordinates system depending on the strain 

based approach has been derived.  The element is simple and contains only the essential 

degrees of freedom. The element has 15 degrees of freedom, three at each node and 

satisfies the exact representation of the rigid body modes of displacement. The results 

obtained by using the proposed element in several numerical problems have shown that a 

rapid convergence to exact solution can be obtained with acceptable degree of accuracy 

when only few element are used. The element has the advantage over the other available 

annular plate elements. The improvement obtained is due to the fact that all the 

displacement fields of the present element satisfy the exact representation of rigid body 

modes of displacements then the shape function error due to rigid body modes becomes 

zero. Also, the present element satisfies the full geometry of the annular plate due to this 

point discretization error becomes zero. Finally the error due to strain mode becomes very 

small because the present element satisfies the compatibility equations of strains and the 

12th coefficients of strain mode derived exactly from partial differential equations of 

strains.  

The numerical solution of several problems by using the present element proved to be 

powerful in the structural bending analysis of circular annular plates. Its results are better 

than the solution of other elements and packages with respect to analytical. 

Keywords: annular sector plate, Strain based approach element 
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  اشتقاق عنصر محدد لتحلیل الانحناء العام للصفائح الدائریة بالإحداثیات القطبیة 
  

  حیدر عبدالأمیر مھدي. د. م
  الجامعة المستنصریة/     كلیة الھندسة/   قسم الھندسة المدنیة

 

  :الخلاصة
  

تم في ھذه الدراسة تطویر عنصر جدید للتحلیل الأنحنائي للص فائح الحلقی ة بأس تخدام نظ ام الأح داثیات القطبی ة، 
العنصر یحقق مواصفـات الحـركة للجسم الصلب بش كل ت ام . یعتمد على طریقة الأنفعال حیث یظم درجات الطلاقة الرئیسیة

)exact rigid body mode( كم ا یحق ق كام ل الخ واص للش كل الھندس ي للص فائح الحلقی ة ،)full geometry of 
annular plate( إضافة إلى ذلك فأن العنصر یحقق شروط التواف ق لمع ادلات الأنفع ال ،)compatibility equation 

of strain.(  
ف ي ك ل عق دة ركنی ة وثلاث ة ف ي عق دة  ثلاث ة) degree of freedom(یمتلك ھذا العنصر خمسة عشر درج ة طلاق ة ح رة 

الوس  ط یعتب  ر ھ  ذا العنص  ر م  لاءم للتحلی  ل الأنحن  ائي الع  ام للص  فائح الحلقی  ة وھ  و أفض  ل م  ن العناص  ر الس  ابقة لتحلی  ل 
 discritization(المنشاءات الآنفة الذكر حیث أن الأخطاء التي تظھر في العناصر المحددة السابقة مثل أخط اء التقس یم 

error( ، أخطاء الدوال الشكلیة)shape function error (تختفي في ھذا العنصر نتیج ة للمواص فات الت ي یتمت ع بھ ا .
تم استخدام العنصر الحالي في التحلیل العددي لعدد من المساءل المختلفة إذ أنھ ا تب ین وتب رھن أن العنص ر الح الي ممت از 

لعناص ر المح ددة لب احثین آخ رین حی ث اظھ رت النت ائج امكانی ة وكفؤ في تحلیل عدة أنواع من التحمیل بش كل أفض ل م ن ا
وبدرج ة دق ة عالی ة وبأس تخدام ع دد قلی ل م ن العناص ر عن د ) exact solution(الاقتراب السریع الى نتائج الحل الدقیق 

  .تمثیل المنشاء
  

Notation: 
 

r, Ɵ Polar coordinates 
D Bending rigidity. 
E Modulus of elasticity. 
Mr, MƟ The bending moments in the directions of r and Ɵ axes, respectively. 
MrƟ, MƟr The twisting moments. 
P Point load 
q The uniformly distributed load acting on the plate. 
Qr The out  of plane shearing stress resultant in the r-direction of general 

plate theory 
QƟ The out  of plane shearing stress resultant in the Ɵ-direction of general 

plate theory 
w Out of plane displacement in Z-direction for cartesian coordinate, and in 

normal direction for polar coordinates. 
wr The middle surface normal displacements of the annular plate element 

due to the rigid body part. 
ws The middle surface normal displacements of the annular plate element 

due to the strain part. 
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{ }a  is the vector of constant terms of the displacement function { }δ  
[A] The transformation matrix. 
[B] The strain matrix. 
[D] The rigidity matrix. 
[f] is the matrix containing the coordinate variables 
[Ke] The stiffness matrix of the finite element. 
|P| The vector containing the nodal loads acting on the finite element. 
|δ| The vector containing the degrees of freedom of the finite element. 
|ε| The vector containing the strain (and curvatures) of the finite element. 
|σ| The vector containing the stresses in the finite element. 
ϕr Rotation in the r-direction of general plate theory 
ϕƟ Rotation in the Ɵ-direction of general plate theory 
 
 
1. Introduction 

 

For the general bending analysis of annular plates based on the classical theory of thin 
plates. In general, the following three numerical methods have been used for the analysis of 
annular plates[1]: 
1. The finite difference method (FDM). 
2. The finite strip method (FSM). 
3. The finite element method (FEM). 

The experimental work about this subject were extremely limited for simple cases such as 
point loads and simple support [2]. The finite element method of structural analysis is now 
firmly established as a powerful technique for handling different problems in solid mechanics 
[3]. The simplest element shapes for annular plate problems are obviously a triangle element 
with three nodes as in work of Cheung et al [4], and rectangular element with four nodes as in 
the work of Rao [5]. Olson and Lindberg [3], developed an annular segment plate bending 
element with four corner nodes each having three external nodal degrees of freedom. 
However, using these elements for curved boundary problems means, that the curved 
boundary is being approximated by series of straight – line segments. Hence, there appears to 
need to develop a new element by using the polar coordinates system to get a better 
representation of the curved boundaries. The present element have an advantageous over the 
available annular plate elements. The final properties of the present element are as follows: 
• The element satisfies the full geometry of annular plate segment, and due to this point the 

discritization errors that appear in the curved boundary becomes zero. 
• The element satisfies the exact rigid body modes of annular plate segment, and due to this 

point the shape function error of rigid body mode part becomes zero. 
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• The strain mode of element is obtained from integrating of assumed strain functions 
satisfying the compatibility equation of annular plate segment; due to this point the shape 
function error of strain mode part becomes very small. 

• The explicit integration is used to derive this element; due to this point the error in 
numerical integration becomes zero. 

• According to the central node of element the real value of stresses in the centre of 
element are found, not approximate stresses due to the mean of four corner nodes as in 
the other available annular plate elements. 
 

2. Derivation of Annular Plate Element Using Strain Based 
Approach 
 

2.1 Theoretical Consideration 
 

Figure (1) shows an annular plate sector. To idealize this annular plate sector, an element 
is chosen as shown in Figure (2). For the general bending analysis of annular plate sector 
under arbitrary loading, the strains (direct strains and changes in curvature) of the middle 
surface are derived from several theories of annular plate sector [13]:  

The lateral deflection (w) is a function of (r) and (Ө), then the laplacian operator 
becomes[13]: 
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Due to load is symmetrically distributed with respect to the center of the plate, the lateral 

deflection (w) is independent of (θ) and the above equation becomes[12]: 
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Where q is the applied load and it is given as a function of (r) and (θ),  

 D is the flexural rigidity, and equals 
)1(12 2

3

ν−
=

EtD  
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The out of plane components of the strains curvatures are follows: 
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where: (r) is the radial coordinate measured from the apex of the annular plate sector, and 

(θ ) is the angular coordinate measured around the circumference. 
The equation of radial, angular and twisting moments, Mr, MѲ, and MrѲ respectively 

becomes: 
 

{ }θυχχ +−= rr DM                                                                        ……….……….… (5a) 
 

{ }rDM υχχθθ +−=                                                                      ………..……….… (5b) 
 

( ) { }θθ χν rr DM −−= 1                                                                     ………..……….… (5c)  

 
and the vertical shearing forces Qr, and QѲ respectively becomes: 

 [ ]w
r

DQr ∇
∂
∂

−=                                                                          ………..……….… (6a) 
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r
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∂
∂

−=
θθ

1                                                                       ………..……….… (6b) 

 
The above three components of strains cannot be considered independent as they are in 

terms of the lateral displacement (w) and hence, the strains must satisfy additional equations 
called the compatibility equations. These equations are obtained by eliminating the lateral 
displacement (w) from equations (4). The final results of compatibility equations are as 
follows: 
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2.2 Displacement Functions:  
 

The proposed element is allowed to have only the essential external degrees of freedom 
(w, φr, and φθ) at each node. Proceeding as with the usual strain-based approach, the first 
major component of the displacement function is due to (strain-free) rigid body modes of 
displacement and can be obtained by equating all the components of strains [8], equations (4), 
to zero and integrating the resulting partial differential equations becomes: 

 
θθ sincos 321 raraawR ++=                                              ………..……….… (8) 

 
In this equation wR are the rigid body component of the displacement field w, and is 

expressed in terms of the three independent constants ( )31 ,, aa −− . The second major 

component of the displacement function is due to straining of the element. If the element is to 
have fifteen degrees of freedom (three at each node) then the strains of the element must be 
associated with twelve additional constants ( )154 ,, aa −− . Assuming strain polynomial functions 

of ( )154 aa −−  constants. 
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Checking the above polynomials of strain for compatibility equations of annular plate 

sector (7a, and 7b). Finally, the assumed strain functions of annular plate sector element 
which satisfy the requirement of compatibility equations are the same of equations 9a, and 9b 
except equation 9c become: 
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The above three equations 9a, 9b, and 10 are integrated in the same procedure that was 

used to derive the rigid body modes of annular plate sector element, then the final polynomial 
function of strain mode becomes: 
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The complete displacement field functions for the proposed element is becomes. 
 

w = wr + ws 
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The rotation φr, and φθ are also given below: 
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2.3 The Element Stiffness Matrix 
 

Figure (1) shows that the origin of the redial coordinate of the element (r) is located at 
the apex of the annular plate sector. Consequently, the origin of the angular coordinate (θ) is 
located at the center of the element. Since, the calculation of the stiffness matrix is carried out 
explicitly; this choice of the origin will simplify the task of integration, thus: 
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where [A], [B] and [D] are the transformation, strain and rigidity matrices of the element, 
respectively. The (15X15) element stiffness matrix [ke], can now be calculated using the 
displacement functions (12) and the strain displacement relationships (4).  

On the other hand, to keep the storage memory small the stiffness matrix is condensated 
from (15x15) to (12x12) by removing the influence of the central point (node 5) to the four 
corner points (nodes 1, 2, 3, and 4) as follows: 
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2.4 Consistent Load Vector 
 

The external applied nodal loads considered in the present finite element analysis are 
calculated by using a consistent load vector. The consistent load vector is obtained by 
equating the work done by the nodal loads on the nodal displacements to the work done by 
the external applied load on the assumed displacement function of the element. The annular 
plate element shown in Figure (2) is considered. If the element is subjected to several loading 
types such as, distributed normal pressure (q), concentrated load (Pi), uniform distributed 
moment (M), and concentrated moment (Mi) the load vector becomes[11]: 
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For the element stiffness matrix after condensation, the load vector is taken as follows: 
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Fig .(1) An annular segment element with the coordinates system for plate 

bending problems. 
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Fig .(2) Displacement and their corresponding forces for annular plate element. 
 

3. An annular plate under a point load 
 

The problem considered is that of an annular plate deforming unsymmetrically as shown 
in Figure (3). The plate is clamped along the inner edge (r1=b), and loaded by a concentrated 
load at the outer edge (r2=a). An exact solution for this problem is given in Timoshenko and 
Woinowsky-Krieger[6] for b/a = 1/1.5 and μ=0.3. Olson and Lindberg[3], Turki[7] and Al-
khafaji and Mehdi[8] presented an annular finite element, to analyze this problem. Symmetry 
about the diameter containing the load was used, so that, only one half of the plate was to be 
modeled. The results for the lateral displacement (w) under the load for different mesh sizes 
are given in Table (1). When this problem is analyzed with (5x24) mesh using both elements, 
the error is about 0.45% for Olson and Lindberg[3], Turki[7], and 0.3% for Al-khafaji and 
Mehdi[8], but the error is about 0.1% for the present element and with (8x24) grid for both 
elements the error is about 0.7% for Olson and Lindberg[3], Turki[7], and 0.089% for Al-
khafaji and Mehdi[8], but the error is about 0.026% for the present element. It is clear in 
Figure (3) that the lateral deflections along the inner edge converge rapidly to the exact 
solution when the mesh size is refined. 

Olson and Lindberg[3] confined the results in their published work to deflections only (no 
results were given for the moments). Figure (3) shows the distribution of radial bending 
moment in a non-dimensional form of (Mr/2P) along the inner edge for (12x24) mesh. It is 
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evident from this figure that the proposed element gives satisfactory results for moments 
when compared with the exact solution given by Timoshenko and Woinowsky-Krieger[6]. 
Table (2) shows the convergence error of four elements, the result appears that convergence 
of the present element is stable as when element mesh is increasing the error of solution is 
decreasing continuously, but in the other elements the convergence of solution is unstable 
with increasing mesh size as appearing in Table (2). In general, the two types of convergence 
are shown in Figure (4). The reason of two types of errors are concluded by the rigid body 
mode and strain mode errors, the present element satisfies the rigid body and strain modes as 
this element’s result is stable, the error is decreasing when mesh size is increasing, but other 
elements do not satisfy the above conditions. 

 

   

Table .(1) Convergence of the lateral deflection under the applied point load 
 

Mesh 
size 

Deflection * P/D 

Olson’s and 
Lindberg Element 

Turki’s Element Mehdi's Element Present Element 

1x6 0.050896 0.050859 0.051675 0.050834 
2x8 0.051372 0.051370 0.051456 0.050817 

2x12 0.051027 0.051027 0.051256 0.050795 
4x24 0.050885 0.050885 0.050932 0.050781 
5x24 0.050956 0.050945 0.050873 0.050773 
7x24 0.050997 0.051007 0.050824 0.050758 
8x24 0.051078 0.051050 0.050763 0.050731 

12x24 0.051032 0.050992 0.0507424 0.050722 
Exact 0.0507180 (Timoshenko and Woinowsky-Krieger 1981) 

 
Table .(2) Convergence error of several meshes of the lateral deflection under 

the applied point load. 

Mesh 
size 

Deflection * P/D 

Olson’s Element Turki’s Element Mehdi's Element Present Element 

1x6 0.35% 0.30% 1.900% 0.23% 
2x8 1.30% 1.30% 1.500% 0.195% 
2x12 0.61% 0.61% 1.060% 0.152% 
4x24 0.33% 0.33% 0.420% 0.124% 
5x24 0.47% 0.45% 0.300% 0.1% 
7x24 0.55% 0.57% 0.200% 0.0788% 
8x24 0.71% 0.66% 0.089% 0.026% 
12x24 0.62% 0.54% 0.048% 0.0079% 
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t= 7.62 mm
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E= 27.89Gpa

C.L.

 
 
 

Fig .(3) An annular plate under a point 
load in problem. 

 
 

 
 

Fig .(4) Distribution of radial bending 
moment (Ms) along the inner edge in 

problem. 
 
 

 
 

(a) Al-khafaji and Mehdi, and Present element 
behavior. 

 
 

      (b) Olson’s and Lindberg element and 
Turki’s element behavior. 

 
Fig .(5) General types of convergence errors of finite element solution. 

 
4. An annular plate under uniformly distributed load 

 
As an axisymmetric problem, a circular plate with a central circular hole is analyzed. 

Four cases are considered as shown in Figure (6), and in each case, one element in the 
angular direction is used with an included angle of 4.5o. Inserting zero value the normal 
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rotation φθ at all nodes along both the radial edges, thus satisfying the circular symmetry 
criterion. 

Table (3) shows the maximum deflections and moments which, are obtained by using the 
proposed element together with those obtained by the exact solution given by Timoshenko 
and Woinowsky-Krieger(6) and Sawko,s element[9]. 

Table (4) shows the convergence of maximum deflections and moments. Referring to 
this table, it is concluded that the difference in the results is very small and in most cases 
tends to be stable, specially, for deflections. Generally, satisfactory results can be obtained 
with less than 0.1% difference by using 24 degrees of freedom for deflections and 60 degrees 
of freedom for moments, in all considered cases. 

The accuracy of this approximation is illustrated in Figures (7) for various loading and 
boundary conditions. This table also shows the convergence of the maximum deflection for 
all considered cases. 

d

r2=a

a=406.6mm
b=203.2mm
θ=4.5 degree
µ=0.3
t=7.62mm
E=27.89 Gpa

q

q

q

q

r1=b

r2=a

Case 1

Case 2

Case 3

Case 4

 
 

Fig .(6) Uniformly distributed load annular plates sector. 
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Table .(3) Maximum deflections of problem in Figure (6) 
 

Case No. 
Wmax*qa4/D*10-3 

Exact Sawko's Element Turki’s Element Present Element 

Case 1 60.806 60.272 60.440 60.793 
Case 2 5.266 5.081 5.269 5.2655 
Case 3 82.600 79.650 82.568 82.603 
Case 4 8.59 8.300 8.589 8.5893 

 

 
Table .(4) Maximum moments of problem in Figure (6) 

 

Case No. 
Mmax*qa2/D*10-2 

Exact Sawko's Element Turki’s Element Present Element 

Case 1 24 24.023 24.112 24.007 
Case 2 8 7.969 7.984 8.002 
Case 3 34 34.18 34.177 33.986 
Case 4 17.33 17.36 17.179 17.346 

 
 
 
 

 
 

Fig .(7) Mesh study for convergence of four cases problem in Figure (6) to exact solution 
for (Wmax*qa4/D*10-3) 
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5. Uniformly loaded annular plate sector with all edges clamped. 
 

The final problem considered is that of a uniformly loaded annular plate sector with all 
edges clamped. The sketch of this annular plate and its properties are given in the following 
figure. 

This problem was first analysed by Cheung and Chan[10], using the finite strip method. 
Harik[1] developed an analytical solution to represent this problem. The maximum deflection 
and the maximum positive moments (radial and angular moments) along the centeral redial 
line are calculated by the proposed element for (9*9) mesh, and for different values of the 
(b/a) ratio. The results are given in Tables (5a, B, And C), together with those of the other 
methods. 

 Convergence tests were carried out using the proposed element for the deflections and 
moments when the annular plate is divided into meshes ranging from (4x4) to (16x16).    
Table (6) shows the convergence of maximum deflections and maximum positive moments 
along the central radial line and when the (b/a) ratio equals (0.75). 

 
Clamped edges

d

b

a

θ

d=228.6 mm
θ=60
υ=0.3
t=7.62 mm
E=68.95Gpa.

 
 

Fig .(8) Uniformly loaded annular plate sector with all edge clamped and its 
properties. 
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Table .(5a) Maximum deflections of problem in Figure (8) 
 

b/a 
Wmax*qa4/D*10-4 

Cheung and Chan (19) Harik (2) Present Element 

0.00 2.82 2.91 2.88 
0.25 2.76 2.85 2.84 
0.50 1.41 1.43 1.4223 
0.75 0.09 0.10 0.9845 

 

Table .(5b) Maximum moments of problem in Figure (8) 
 

b/a 
Mrmax*qa2/D*10-3 

Cheung and Chan (19) Harik (2) Present Element 

0.00 11.287 10.948 10.9973 
0.25 11.643 11.119 11.0352 
0.50 10.173 9.531 9.6873 
0.75 2.912 2.568 2.5698 

 

Table .(5c) Maximum moments of problem in Figure (8) 
 

b/a 
Mθmax*qa2/D*10-3 

Cheung and Chan (19) Harik (2) Present Element 

0.00 13.011 11.674 11.783 
0.25 12.638 11.459 10.956 
0.50 6.203 5.249 5.127 
0.75 0.907 0.698 0.807 

 
Table .(6) Convergence of the maximum deflections and positive moments 

along the central redial line in problem in Figure (8) for b/a = 0.75. 
 

mesh Wmax*qa4/D*10-4 Mrmax*qa2/D*10-3 Mθmax*qa2/D*10-3 
2x2 1.04205 2.1235 0.8634 
4x4 1.01810 2.4046 0.8587 
6x6 1.00609 2.4867 0.8432 
8x8 1.00110 2.5485 0.8345 

10x10 0.98781 2.5587 0.8197 
12x12 0.98456 2.5688 0.8083 
16x16 0.98450 2.5698 0.8070 
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6. Conclusion: 
 

Annular plate finite element suitable for the general bending analysis of annular 
plate sector has been developed. The element is simple and contains only the essential 
degrees of freedom. The element has the advantage over the other available annular 
plate element. The improvement obtained is due to the fact that all the displacement 
fields of the present element satisfy the exact representation of rigid body modes of 
displacements. Also, the displacement fields due to straining of the element are based 
on independent strains and satisfy the exact compatibility equations of strain modes.  

The present element is used to analyze several types of problem. The numerical 
results of the present element are compared with the analytical, and numerical results 
of other researchers. The results of the present element showed good and rapid 
convergence of displacements and stresses with the use a few elements. The errors of 
output results is less than 0.5% of mesh size (1x6) and less than 0.03% of mesh size 
(8x24) for static analysis of plate problems. 
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