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Reversible computation is a fundamental concept in quantum circuits and low-power
design. As the demand for powerful and energy-efficient computing grows, novel design
methods for reversible circuits become critical for achieving high performance with low
power consumption. Current reversible circuit synthesis methodologies fall into two
classes, each minimizing a different parameter in circuit complexity, but often result in
relatively high values in another parameter. Post-synthesis optimizations moderate
complexity parameters, basically by trading off between them. However, these
optimizations depend on specific gate patterns and may not always meet design constraints
effectively. This paper proposes a novel recursive decomposition scheme for large Boolean
functions using a single-target gate model in reversible circuit synthesis. The proposed
scheme systematically and efficiently manages the trade-off between reversible circuit
complexity measures, offering gradually varying parameters at each level in the recursion.
The scalability of the proposed approach is presented as a comprehensive complexity
analysis for the mathematical model. Rather than providing a globally optimal solution, this
approach offers a range of solutions, allowing designers to choose the most suitable option
based on specific design constraints.
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1. Introduction

Reversible circuit design is a critical area in the field of non-
conventional computing, as the demand for ever-more powerful
and efficient systems continues to grow. However, as
computational circuits become larger and more complex,
conventional semiconductor-based technologies and traditional
design methods can become inefficient. Reversible computing
can act as the bridge between conventional technology and
future computing paradigms, because it is a key component in
the development of quantum computing, low-power circuits,
and cryptography [1]-[3].

Reversible logic circuit synthesis covers the scope of
performing Boolean-based computations. However, the
conventional circuit design flow is much more elaborate when
compared to the preliminary design tools and methodologies
available for reversible logic circuit designers [4].

One challenge is that Boolean functions and operations are not
inherently reversible, whereas reversible circuits, by definition,
can only perform reversible operations. To address this,
Boolean functions are embedded within larger computations
that satisfy the conditions of reversibility. However, this
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embedding requires additional lines with constant inputs, which
increases the complexity of the computation [5]-[8].

There are two main approaches to reversible circuit synthesis.
The first approach includes truth-table-based implementation
with a minimal number of constant input lines. Truth tables
grow exponentially; consequently, the gate counts of circuits
synthesized using these methodologies also grow
exponentially, resulting in limited scalability of this approach,
such as ESOP, XOR, output permutations, or transformation-
based synthesis [9]-[12].

The problem is solved by the second approach, which includes
hierarchical methodologies to partition the function into smaller
parts, such as BDD, HDL, and other function decomposition-
based methodologies [13]-[16]. These methodologies are more
scalable and usually accomplish the computation using fewer
gates, with the serious drawback of exploiting high numbers of
circuit lines. Constant input lines are utilized in these
computations, where each line is to be represented by a qubit
when implemented in quantum technology, which is a very
limited resource [17],[18].
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Known methodologies result in extreme circuits, which have
either minimal line counts, with high gate counts and limited
scalability, or circuits that have small gate counts, but with high
line counts. The literature on reversible circuit design proposes
post-synthesis optimization techniques to moderate circuit
parameters by trading off lines with gates. These optimization
techniques are applied depending on the existence of special
gate patterns in the reversible circuits [19]-[21].

This paper proposes a decomposition scheme for large Boolean
functions that operate in a recursive manner. At each level of
recursion, the scheme generates a solution characterized by
distinct circuit parameters. This flexibility allows designers to
choose a solution tailored to their specific design constraints,
which can be critical in scenarios where traditional methods
may not provide feasible options. Unlike other methodologies
that seek a single globally optimal solution, our approach
provides a spectrum of solutions, each with its own trade-offs.
The focus of this work on the theoretical underpinnings of the
proposed scheme provides a detailed complexity analysis to
demonstrate its efficacy and potential impact.

In addition to providing the complexity analysis of the
computation, the proposed scheme allows the designer to have
flexible choices for the appropriate number of ancilla, based on
specific design constraints. This makes the proposed scheme a
powerful and scalable tool for designing efficient reversible
circuits.

2. Preliminaries

This section introduces reversible gates, which are basic
elements in reversible circuits. It also introduces other concepts,
such as embedding of Boolean functions, inverse computation,
ancilla, and garbage-free computations.

2.1. Reversible Gates and Circuits

Reversibility implies no loss of information when applying a
reversible gate. In other words, the number of input bits should
be equal to the number of output bits, where each bit is
graphically represented by a vertical line across the circuit
diagram. A reversible gate performs a bijective mapping of
inputs to the output, such that the inputs can be computed back
from the outputs [22]. Reversible NOT, CNOT and Toffoli
gates are shown in Fig. 1 (a), (b) and (c) respectively.

Despite being reversible, a Toffoli gate can be used to
implement the irreversible Boolean conjunction AND
operation. This can be achieved by supplying the target line
with an initial value of false. A Toffoli gate performs the
bijective mapping (xq, x5, O)Q(xl,xz, (xl.xz)). This is
known as embedding an irreversible Boolean operation within
a larger reversible circuit. As shown in Fig. 2(a), embedding
involves introducing constant inputs to the circuit.

A Mixed Polarity Multiple Control Toffoli MPMCT gate is a
generalization of a Toffoli gate with a set of N Boolean
variables, {xq,...,xy}, which act as control inputs, and one
target line y. The MPMCT gates allow not only positive
controls e, but also negative controls o, which activate the
inversion of the target line when the specific negative control
lines are false. [23] The target line of an MPMCT gate is
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y é x™y
(b) CNOT
X1 X1
X2 X2
y (x1.2x2)"y
(c) Toffoli
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X2 X2
X3 X3
X4 X4
y (X1-X2.X3.X4) "y
(d) MPMCT
X1 X1
XN XN
y fry

(e) Single target gate
Figure 1. Reversible logic gates.

inverted only when the conjunction of all variables is evaluated
to true, i.e., when all the positive controls are true and all the
negative controls are false.

Fig. 1(d) shows the graphical representation of an MPMCT
gate, where the Boolean expression of the control AND term
between all control variables is presented in the proper polarity
of each control. To this end, a multi-variable Boolean AND
term can be embedded using an MPMCT gate; see Fig. 2(a). An
MPMCT gate can also be used to embed a Boolean disjunction
OR term, as shown in Fig. 2(b).

A single-target gate is defined with further generalization, such
that more sophisticated functionality is achieved, with one
target line y, N control lines {x;, ..., xy}, and a control function
f(xq, ..., xy). The target variable y, of a single-target gate is
inverted only when the control function f evaluates to true [24].
In other words, a single-target gate performs the bijective
mapping  (xq, ..., Xy, V) > (X4, o, Xy, f (24, 0, xy)2Y),  as
shown in Fig. 1(e). To this end, a single-target gate, with
sufficient control variables, can be used to embed any arbitrary
single output Boolean function. The above bijective mappings
show that, by applying any of these gates, all variables, except
the target-line variable, maintain their initial value.
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Figure 2. Embedded Boolean operations

2.2. Garbage-free Computations with Ancilla

A reversible computation requires, usually, more than one
operation. In other words, several gates are expected to be
applied successively to the circuit lines to perform the required
computation. This cascade of gates is known as a reversible
logic circuit.

For example, considering the simple Boolean function
f = (x1.x3) + (x3.%3), the function is represented in sum-of-
products (SOP) form as a Boolean disjunction OR of two cubes,
f = P; + P,. A cube, in the context of a Boolean function in
SOP representation, is a conjunction term that represents a
specific combination of input variables. The function contains
irreversible operations; therefore, embedding is inevitable to
implement the function. Hence, constant inputs must be used,
as illustrated in Fig. 3.

One approach to synthesize the function f using ESOP-based
synthesis, which guarantees only one constant-input line, is to
compute f as mainly implemented by using XOR form, where
f=P +P,=P "P,"(P,.P,) see Fig. 3(a).

If the function is slightly larger, e.g., with only three cubes, the
XOR expansion of such a function contains seven product
terms. This approach is ancilla-free, but it is exponential in gate
count, i.e., it has very limited scalability.

The computation can be approached differently, by splitting the
function into two cubes and implementing each cube using a
single-target gate. A third single-target gate is then applied to
perform an OR operation of the two cubic terms to compute the
main function, as presented in Fig. 3(b). In this example three
gates are considered, the first two gates perform intermediate
computations, which are used by the third gate to perform the
final computation. The two constant inputs that are used to
facilitate the intermediate computations are considered as
garbage outputs.

If the function is slightly larger, e.g., with three cubes in its SOP
representation, the implementation requires an additional
constant input to be utilized.

In this approach, both line and gate counts increase linearly,
which is not feasible when mapping the circuits to quantum
technology [17]. Ancilla refers to a constant input that is
temporarily used for intermediate computations and is reset

X1 X1

X2 X9
0 f

(a) ESOP-based computation

X1 X1
X2 X2
X3 X3
1 f
0 é}a !
0 —

(b) SOP-based computation

X2 X2
X3 i X3
1 f
0 —
0 —

(c) Garbage-free SOP-based computation
Figure 3. Computing f = (x7.x,) + (x,.X3).

later to its initial value [25]. Using an ancilla allows garbage-
free computation, in which inverse computations reset the
ancilla [26].

It can be shown that successively applying any gate twice
results in an identity mapping, i.e., no change in the variables.
In other words, all the gates are self-invertible. Generally, to
compute the inverse of a mapping, means applying the gates in
reverse order, as shown in Fig. 3(c).

Both approaches are not practical for large functions; the first,
e.g., ESOP-based synthesis, has limited scalability due to the
exponential growth of gate counts. The second approach has
also limited scalability, due to its linear accumulation of lines.

Post-synthesis optimization is usually applied to tune the circuit
parameters, by a trade-off between gates and lines.
Unfortunately, these optimization techniques have only limited
control over the parameters, because they depend on the
existence of special patterns in the circuits [17]-[19].

3. Motivation

The objective of this work is to present a systematic design
methodology that provides better control of the trade-off level
between circuit parameters. In this paper, the single-target gates
are considered as the building blocks in a specific reversible
circuit design. Consequently, the implementations of these
gates must follow the constraints of that circuit, including the
number of provided ancilla.
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Figure 4. The partitioning scheme for computing a
Boolean function f by utilizing ancilla

Assume a single-target gate, controlled by the Boolean function
f, which has an SOP representation with K cubes, i.e.,
fQxq,xy) = X5, P, where Y represents a Boolean
disjunctive operator OR. A question that may arise here is how
this gate can be synthesized by utilizing L ancilla, and a
minimum number of MPMCT gates ?

An intuitive possible approach to achieve this objective is by
sub-setting or partitioning the set of cubes that represent the

desired function f , into L sub-sets, hence defining L sub-
functions, {f, ..., f1}, i.e., f = Yr, f;, as shown in Fig. 4.

Each sub-function is represented as a single-target gate, which
has its target line applied to a different ancilla. For example, the
target line of f; is applied to C;, and the target line of f, is
applied to C, until the target line of the last sub-function f; is
applied to C;.

The first sub-function f; assigns its output to the first ancilla
and utilizes the spared L-1 ancilla, i.e., {C;,..,C.}, for
intermediate computations of f;. Since the ancilla is reset
internally to its initial values, they become available to be
reused for further computations.

The second sub-function f, has its target output line applied to
ancilla C,. Hence, utilizes the spared L-2 ancilla, i.e.,
{Cs, ..., C.}, for intermediate computations of f,. This continues
until the last sub-function f; assigns its output to the last ancilla
C; and hence spares no ancilla to be utilized for its internal
computations.

X1
XN
1
0
0
(a) L=2
X1 X1
A e |s slelal
K/2 || k/a || K/4 K/4 || x/4 || k/2
XN | =2 || I=0 || I=0 I=0 || I=0 || I=2 XN
1 f
L4 &1
0 0
0 D 0
(b) L=3
X1 X1
. fi f2 f3 fa fa f3 f2 fi .
||z || x5 || 7B % || x5 || || =2
XN L=3 L=2 L=0 L=0 L=0 L=0 L=2 L=3 XN
1 f
14 51
1 1
0 0
0 0

(c) L=4

Figure 5. The proposed scheme for computing the function f with different L ancilla
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In general, according to this scheme, the it sub-function f; has
its target line applied to the i" ancilla and can utilize
(L — i) ancilla, for the internal computations of f;.

The target lines of all sub-functions are considered controls for
an MPMCT gate, which performs as a disjunction OR to
compute the overall function. Afterward, all intermediate sub-
functions are inversely computed by repeating the set of single-
target gates in reverse order, such that all the ancilla are reset to
their initial default values.

The question in this work is how to optimize the sub-setting of
the cubes of the function f, such that it computes f with fewer
MPMCT gates? In other words, how to best partition a function
into smaller sub-functions to minimize the number of MPMCT
gates required to compute such a function.

4. Methodology

This section introduces the sub-setting of the cubes of a certain
function to define smaller sub-functions, and how these sub-
functions can be implemented recursively using specific
numbers of ancilla. The recursive decomposition breaks down
large Boolean functions, generating solutions with varying
circuit parameters at each recursion. This process ensures that
designers can select from a range of solutions, each tailored to
different design constraints. The scheme’s flexibility is a
significant departure from traditional approaches that look for a
single, globally optimal solution. The primary objective is to
provide a practical tool for designers faced with specific
constraints, offering potentially the only viable solutions in
some cases.

The first level of sub-setting considers splitting the cubes into
groups, i.e., partitioning the function f into two sub-functions
{f., f2}. In this case, two ancillas are needed to compute the two
sub-functions. If the circuit provides only two ancillas, i.e.,
L = 2, to compute f, both lines are used in computing the two
sub-functions, sparing no ancilla for the computation of the two
sub-functions. In other words, the single-target gates that
compute the two sub-functions must be computed using an
ancilla-free methodology, e.g., using ESOP-based synthesis.

It can be shown that the best sub-setting can be achieved when
each sub-function is represented using approximately [g] cubes.
These two sub-functions are computed with an ancilla-free
methodology, i.e., L = 0, as explained in Fig. 5(a). In Fig. 5,
the single-target gates are marked with three parameters: the
control function f;, the number of cubes that represent f;, and
the number of ancilla used to implement this gate.

The next level of sub-setting cubes is when three ancilla are
used, i.e., L = 3. The function is partitioned into three sub-
functions, where the three ancilla are used to intermediately
compute the sub-functions {fj, f5, f5} respectively. Then the
disjunction of all sub-functions is computed using an MPMCT
gate, before the sub-functions are inversely computed for
resetting the ancilla, as shown in Fig. 5(b).

The central shaded part in Fig. 5(b) shows that the computation
scheme of the last two sub-functions {f;, f3} is identical to the
computation of f in Fig. 5(a). On the other hand, the first sub-

function f; is computed to the first ancilla, sparing two ancillas
to be used to implement f;, which can be recursively
implemented by splitting f; into two sub-functions, as
explained earlier with the main function f, as shown in
Fig. 5(a).

The first sub-function is implemented recursively by calling the
implementation of a function with one less ancilla. On one
hand, the sub-function f; is computed by utilizing two ancillas;
on the other hand, the sub-function pair {f,, f5} is also
computed according to a similar scheme. Consequently, it is fair
to subset the cubes of the main function into two sub-groups,
each with approximately [g] cubes, and assign the first half to
the first sub-function f;, while further splitting the second sub-
group into two quarters of approximately [%] cubes, and assign
each quarter to one of the latter two sub-functions, f5, and f5.

This splitting scheme can be recursively extended to a new
level, with each additional ancilla. For example, when the
computation utilizes a fourth ancilla, see Fig. 5(c), in which the
central shaded part of the scheme shows the computation of the
latter three sub-functions by utilizing three ancilla, while
similarly the first sub-function is computed. In this scheme, the
sub-groups of [g], [ﬂ, [g] and [g] cubes are assigned to sub-
functions f3, f5, f5 and f, respectively.

The generalized formulation for the proposed garbage-free
computation scheme of function f, by utilizing L > 2 ancilla is:

1. For the  single-output Boolean  function
flxq, o xy) = Zj-(zle, define a set of L sub-
functions, such that the function f is the disjunction of

all these sub-functions, i.e., f = Yr, f;.

2.  Apply L single-target gates to the ancilla, such that the
ancilla C; is the target line of the single-target gate,
which is controlled by the sub-function f;.

3. Assign a subset of the cubes of f to each sub-function,
as in (1) below, such that:

2t-1

i
fi=X i 2= By,

Jj=1 +—2(i—1)

i=1,.,L—-1 (1)

while the last sub-function f; is defined as in (2)
below:

fL:ZI.(_ J(L-1)_q P] 2)

j=1+ (=)

4. Recursively compute the single-target gate of each
sub-function f; by using L — 1 ancilla.

5. Apply an MPMCT gate with negative control to all
ancilla to compute the disjunction of all sub-functions,
which computes the final value of f.

6. For garbage-free computation, inversely compute the
sub-functions by applying the same gate structure in
reverse order.

Before going to the next section, a few notes should be
mentioned:
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e  The sub-setting assumes the number of cubes to be a
power of two, such that each division always results in
an integer. In the case of an odd number of cubes, the
first sub-function can be defined with one less cube
than the other sub-group.

e  The last two sub-functions are both computed using an
ancilla-free  implementation, e.g., ESOP-based
computation. That means f; _, is an exception to point
4 above, because applying the formula means that f; _;
is to be implemented by utilizing one ancilla, while the
proposed scheme is designed for L > 2.

e ESOP-based synthesis computes the function f.
Therefore, the last two ancilla, which compute the last
two sub-functions {f;,_;,f.}, using ESOP-based
implementation, are both initially false “0”. On the
other hand, the proposed scheme computes the
function f, when the line to which f is computed, is
initially “1”. In other words, all constant inputs are
initially true, except the last two ancilla.

5. Complexity Analysis

This section provides the complexity analysis of the proposed
scheme and shows the upper bound for single-target gates’
complexity expansion.

First, the complexity of computing the desired function f
without utilizing ancilla must be found. For example, ESOP-
based synthesis converts the function such that it is computed
by applying XOR operations. The relation between the SOP
form and its ESOP expansion can be explained by the simple
relation A+ B = A" B " AB, in which the left-hand side
contains two terms in an SOP expression, while the right-hand
side contains three terms in an ESOP expression. Generally, the
relation between the number of cubes in the SOP representation
of a function and the number of conjunction terms in the
equivalent ESOP expansion is given by (3) below:

.BK,O =2K-1 3

where S, means that there exists an implementation for a
single-target gate, activated by a Boolean function, which has
an SOP representation of K cubes, and with no ancilla, L = 0,
using § MPMCT gates. The first stage in partitioning the
implementation is the function cubes sub-setting into two sub-
functions, each to be represented by a single-target gate, as
shown in Fig. 2(a), where L = 2 ancilla are utilized in the
computation. To this end, the MPMCT-gate-count with two
ancilla is expressed as in (4) below:

Bk2 = 4 ﬁ[ﬂo +1 4)

The next level introduces three ancillas L = 3, as shown in
Fig. 5(b). The implementation at this level is exactly three times
larger than the previous step of sub-setting. Equation (5) gives
an MPMCT-gate-count applicable for each new ancilla utilized
in the computation, which can lead to the following recursive
equation, when L > 3:

Bk =3 ﬁ[ﬂ,‘_l (5)

Equation (6) shows a non-recursive expression for the
MPMCT-gate-count complexity:

By, = 342 (4 (z[z@L—D] - 1) + 1) (6)

where 2 < L < [log, K|+ 1.

It can be shown, from (6), that a minimal MPMCT-gate-count
f is achieved when the number of ancilla used in the
implementation is L = [log, K] lines and is given by (7) below:

ﬁK = 13 (3[10gz Kl—Z) (7)

6. Discussion

The previous section shows the upper-bound analysis of the
complexity expansion of the proposed implementation scheme.
A numerical comparison shows that the growth of the ESOP-
based synthesis is exponential and hence reaches very large gate
counts. In comparison, the proposed algorithm can keep the
growth fairly slow by efficiently choosing the number of
ancillas, as shown in Table 1.

Table 1. The expansion of the ESOP-based implementation in
comparison to the proposed minimal implementation.

K Bko Bk L
1 1 1 0
2 3 3 0
4 15 13 2
8 255 39 3
16 65535 117 4
32 4967295 351 5
64 = 1.844 x 10%° 1053 6
128 = 3,403 x 10%° 3105 7
256 =~ 1.158 x 1077 9315 8
512 = 1.341 x 10%%* 27945 9
1024 =~ 1.797 x 10308 83835 10

The rate of growth in the proposed implementation can be
simply described by the following condition statement: when
the size of the function doubles, use the proposed
implementation scheme with one more ancilla, and the overall
gate count is multiplied by three.

The numbers in Table 1 are the upper bounds, or worst-case
scenarios, and there exist Boolean functions that are computed
with fewer MPMCT gates. An example of a pattern that reduces
the XOR expansion of a function occurs when two cubes in an
SOP expression have a complementary polarity in one of their
variables, e.g., x.A+ X.B=x.A"Xx.B because of the
conjunction of the two terms (x.A.x.B) = 0. This means that
the number of overall conjunction terms in the ESOP
expressions is likely to be less than the worst-case scenario.
This can reduce the gate counts in both the ESOP-based
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implementation and the proposed scheme because it involves
ESOP-based synthesis at its base level. Rearranging the cubes’
order in the SOP expression to increase the probability of
complementary variables in adjacent cubes can be considered
to reduce the overall gate counts.

The main contribution of this work is exploiting a recursive
decomposition scheme for Boolean functions, offering a
spectrum of solutions with varying circuit parameters. This
approach provides designers with the flexibility to select the
most appropriate solution based on their unique constraints. The
novelty of this work comes from approaching the complexity
growth in terms of function size and also the number of ancilla
utilized. The paper emphasizes that the purpose of this work is
not to present a single best solution, but to offer a range of
feasible solutions. Given the theoretical nature of this work, it
focused on the mathematical model and complexity analysis,
rather than experimental results or direct comparisons with
existing methodologies.

7. Conclusions

Our proposed systematic recursive decomposition scheme for
Boolean functions represents a significant advancement in
providing designers with a range of solutions to choose from,
based on specific design constraints. The desired function is
implemented as a single-target reversible gate composed of a
number of MPMCT gates, with variable ancilla. This work is
purely theoretical, to establish a new framework for
approaching Boolean function decomposition with a focus on
flexibility and practical applicability, but the current focus is on
the foundational theoretical aspects. The complexity analysis
by itself shows how Boolean function implementation grows
with respect to function size, and what the impact is of
introducing a new ancilla to the circuit. Future work may
include defining criteria for rearranging the cubes, with an
empirical validation.
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Abbreviations and Symbols

p MPMCT gate count for function f implementation

B Minimum MPMCT gate count implementation of f

G Constant input reversible line.
CNOT  Controlled NOT reversible gate
ESOP  Exclusive Sum-of-Products
f Single output Boolean function
K Number of cubes in SOP representation of f
L Number of ancilla utilized for computing f
L Number of ancilla for minimum MPMCT gate count
MPMCT  Mixed-polarity multiple-control Toffoli gate
P; Boolean product (conjunction) term
Sop Sum-of-Products
X; Binary-valued input
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