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Abstract 
 

In this paper a method for computing the lateral deflection and the failure load for the 

slender composite columns of the type of concrete encased steel sections which is subjected 

to axial load with equal end eccentricities in addition to uniform lateral load is described. A 

computer program is used to calculate the deflection at the center of the column, hence it 

represents the maximum value, that corresponds to a specified properties of cross 

section(dimensions and strength of materials), length, and loading condition (axial load, 

eccentricity and uniform distributed lateral load which is taken as a proportion of the axial 

load).  

Relationships between the failure lateral load/axial load ratio and the ratio of steal 

area to the concrete area of the composite section for different end eccentricities are shown. 

The relation between the central deflection and uniform distributed load for different axial 

loads values and end eccentricities is shown too.  

The obtained results from the computer program for the failure lateral uniform load 

with the other affecting factors are used as an input data in program of “Statistica” to 

predicate a formula that represents the failure lateral uniform distributed load. 

 

 
 

 ةــــلاصـالخ
في هذا البحث تم وصف طريقة لحسابة الططاوو والح او  ااف الللأاو ل   افك ال ر باة  ام ااو  ال قابط  الحفيفياة 
ال حبطاة ببلررساباة ال ضر اة  لال ح او  حاورز   ر اوز  تسابوز فاي اطابيتي الض اوف ال لصالي ببح ابفة  لال الح او 

لططوو في  اتصف الض اوف ححياث ااام ي ااو القي اة الضل الح لقايم الضر ي ال اتلأر. تم استرفام براب ج حبسوبي لحسبة ا
 ضياة  م رواص  قط  الض وف )الأبضبف و قبو ة الحفيف والررساباة،ح الطاووح والأح ابو ال سالطة )ال حورياة الي ر وياة 

 والجبابية ال وو ة بباتلبم والتي تم أرذهب  اسبة  م الح و ال حورز،.
قي اة لاسابة الح او الجابابي مالح او ال حاورز ال سا وم بام و  سابحة الحفيفم سابحة تم تو يح الضيقة بايم أ لال  

الررسباة لل قط  ال ر ة لقيم  رتللة  م الي ر وياة ببح ابفة  لال الضيقاة بايم الططاوو فاي ال اتصاف والح او الجابابي 
 ال وو  بباتلبم لقيم  رتللة  م الأح بو ال حورية الي ر وية.

 م تطبيا  البرااب ج الحبساوبي للتحلياو الالارز حيجابف قايم الللأاو للح او الجابابي  ا   رتلاف  الاتبئج ال ستحصلة 
 الضوا و ال ؤارك تم  فربلطب في براب ج  حصبئي  قترام صيغة  ضبفلة ت او قي ة الللأو للح و الجبابي ال وو  بباتلبم.
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A composite column is a compression member with a cross section consisting of 

concrete steel section and concrete, which act together to resist axial compression and very 

little transverse shear, the use of this type of columns appeared in the previous century in 

some places to get greater stiffness, higher load capacity against material damage, and also 

higher collapse capacity. Consequently, a composite section is generally smaller than 

alternative design to sustain the same load, resulting in the saving of material, weight, and 

headroom or construction depth 
[1]

. The researches in this field were carried out on columns 

that subjected to axial load with or without end eccentricities only, except the research of 

(Abo-Hamd 1988) 
[2] 

who present analytical expression to describe a moment-thrust-curvature 

curves, then these expressions are used to develop typical interaction curves for composite 

beam column under various end and loading condition. In this paper a simple method to 

analyze a composite beam-column is presented to find the lateral deflection resulted from 

eccentric axial load with various equal end eccentricities and uniform distributed load, in 

addition to describe the effect of the steal area/concrete area on the maximum uniform 

distributed load/axial load for different end eccentricities. The present analytical solution 

depends on some assumptions: 

1. A complete interaction takes place between steel and concrete, i.e. the strains in steel and 

concrete at their interfaces are equal. 

2. The stress/strain curves for concrete and steel are assumed to be reversible. 

3. Plane section before bending remains plane after the applications of the load. i.e. the 

strain distribution across the section is assumed to be linear. 

4. The residual stresses in steel are negligible and the effect of strain hardening in steel is 

ignored, and the tensile strength of the concrete is neglected. 

5. Failure due to local buckling does not occur. 

The general step to analyze any column is the computation of the moment-thrust-

curvature relationship (M-P-) by dividing the cross section of the column into strips in the 

direction of the applied moment, assuming specified values of curvature and depth of neutral 

axis the strain at every strip is calculated, hence the stress at the strip is obtained from the 

stress- strain relationship which is used in this paper as follows: 

 

1-1 Concrete 

It was concluded from the study presented by „Luc Lachance‟
 [3] 

that the shape of the 

stress-strain curve of concrete have a very little effect on the ultimate bearing moment 

capacity and ultimate curvature with a tolerance of (2%), so in the present analytical solution 

the calculations depend on a third order polynomial curve based on tests conducted by 

„Barnard and Johnson‟ 
[4]

, as shown in Fig.(1-a)
 
for the sake of comparison with the available 

theories.  
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1-2 Steel  

A typical stress/strain curve for structural steel is shown in Fig.(1-b). For computations, 

the stress/strain relationship is idealized and an elastic-perfectly plastic (bilinear) curve is 

adopted for steel, ignoring the effect of strain hardening. The following equations were used 

to represent the required stress/strain relationship:  

 

sss Ef                   for syssy εεε    ……………………………….. (2-a) 

sys ff                     for sys εε   …………………………………………. (2-b)                            

sys ff                   for ssy εε   ……………………………………….. (2-c) 
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(b) Steel 

Figure (1) Stress/Strain Relationship for a: Concrete 
                                                                       b: Steel 

 

The load and the moment is calculated for every stress. The computation for the given 

curvature ends either when the maximum compressive strain at concrete reaches a certain 

specified value or when (P) starts to decrease, whichever is earlier. From the values of these 

curvatures and the corresponding computed values of moments the curves of the (M-P-) for 

chosen set of values of (P) are generated. 

 

2. Computations of the Load/Deflection Relations 
 

The fundamental problem involved in any method of computing the failure loads of 

columns is to determine their load/deflection relationships. The theoretical analysis used for 

obtaining the load/deflection relationships for composite beam-column subjected to a uniaxial 

bending with eccentric loading of equal end eccentricities and uniform lateral load is made by 

using computer program in “Fortran Language” and will be displayed here. 

For the pin-ended column shown in the Fig.(2) of a length (  ) and subjected to eccentric 

load (P) with equal end eccentricities (e) at the ends of the column at the same direction, that 

the column bends in single curvature and subjected to uniform distributed load (W). 

To find the maximum lateral deflection in the beam column, the energy method is used 

for the analysis. 
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The strain energy that is sorted in the member is: 
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and the potential energy of the external load is: 
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thus the total energy in the system is: 

 

 


















2

2
2

000

2

2

2

dx

yd

2

Pe
dx

dx

dy

2

P
ydxwdx

dx

yd

2

EI
VU



  ……………… (5) 

 

the deflection y is assumed to be of the form: 

 



x
siny


  …………………………………………………………………… (6) 

 

Eq.(6) is substituted in Eq.(5) and after the integration Eq.(5) becomes: 
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 ………………………………..… (7) 

To find the maximum deflection at the member Eq.(7) is differentiate with respect to  

and equals to zero, so the lateral deflection is obtained as: 
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Multiply the numerator and denominator of Eq.(8) by 5/384EI and arrange it, becomes: 
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where 
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Figure (2) Deformed Shape of the Beam-Column under Study  

 

The maximum moment resulted from this lateral deflection and an applied load is: 
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maxmax


  …………………………………………………... (11) 

 

3. Procedure of Computing Load/Deflection Equations 
 

1. Select specified values of the properties of the cross-section and the length of the 

composite column. 

2. Assume value of the end eccentricities (smallest value e=0.2D). 

3. Assume values of the axial load, and the uniform distributed load, which is taken as a 

proportion of the axial load. 

4. Calculate the value of the lateral displacement at the center of the composite column from 

Eq.(9). 

5. Calculate the resulted moment from Eq.(11). 

6. From the (M-P-) relationship this moment is compared with the internal moment which 

corresponds to the applied axial load. If (Mmax) is less than the internal moment increase 

the value of (W) until (Mmax) reaches to the ultimate moment capacity, then this value of 

(W) will be the failure uniform load. 

7. Repeat the steps (3-6) until failure uniform load converges to zero go to step (2) and make 

greater value of eccentricity. 
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4. Comparison with the Theoretical Results of Abo-Hamd [2] 
 

To ensure the validity of the present analytical expression a comparison was made 

between the results obtained from the application of the present analytical solution with that 

obtained by (Abo-Hamd) as shown in Fig.(3). 
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Figure (3) Comparison between Results of Present Study and  
Abo-Hamd Method 

 
The figure shows the interaction curves for composite beam-column with equal end 

moments and lateral uniform load. The cross section used to develop these curves is a 

(W203x47.2kg/m) encased in a (303x303mm) concrete section. Other design parameters are 

cf =27.5 MPa, fsy=248 MPa, cmax =0.002 cu =0.0035. with slenderness ratio r/ of 75.The 

interaction curves are plotted in terms of a nondimensional lateral load, q, which is equal to 

W/Pu. where u is the ultimate curvature corresponding to the ultimate moment capacity at P 

equal zero.  The comparison shows a good agreement as it is seen in the figure by a range of 

(88-100%). 
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5. Prediction of the Failure Uniform Distributed Load Equation 
 

By applying the computer program to a number of composite columns of various steal 

area/concrete area and for each column the lateral deflection is determined for different values 

of column lengths, end eccentricity, axial load and uniform distributed load, these results was 

taken as input data in the program of “Statistica” to predicate an equation makes the failure 

uniform distributed load directly without using an analytical solution by the computer. This 

equation was obtained and makes very good correlation (R=0.91) given by: 
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the units are in kN and mm. 

 

6. Applications 
 

In order to study the effect of some factors on the value of the failure lateral uniform 

distributed load and the load/displacement relationship these applications were made to 

particular composite column section as follows. 

 

6-1 Effect of Eccentricity Ratios on the Load/Displacement Relationship 

The column section used for this purpose was of concrete encased steel sections, the 

section is (203mm x 203mm x 47.2 kg/m)
 [6]

, steel encased to (303mm x 303mm) with 

effective length of (6 m), the material properties are as follows: 

fsy =386 MPa, Es =200x10
3
 MPa, sy =0.0019 

fcu =44 MPa, Ec =670fcu, cmax =0.002 

Figures (4-a), (4-b) and (4-c) show the lateral deflection corresponding to the 

combination of the axial load and uniform lateral load for different eccentricity values 

(e=0.2D, 0.5D and D) respectively (bending about major axis). 
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(c) 

Figure (4) Load/Displacement Relationships  

 

It is seen from these figures that the maximum lateral deflection (max) increases with the 

increase of the applied uniform load for specified values of axial load and eccentricity. 

Also it is seen from these figures that for a specified value (w) and (e) the value of (max) 

increases by the increase of the axial load, but this increment differs with the difference of the 

end eccentricity. (i.e. for e=0.2D, max increases by an average of (10.8%) with the increase of 

the axial load from (150 to 250), while with the increase of P from (150 to 350),  max 

increases by an average of (35%), for e=0.5D,  max increases by an average of (24%) with the 

increase of the axial load from (150 to 250), while with the increase of P from (150 to 350),  

max increases by an average of (50%) and for e=D, max increases by an average of (35%) 

with the increase of the axial load from (150 to 250), while with the increase of P from (150 

to 350),  max increases by an average of 87%). 

It is concluded from the above observation that the value of (max) increases by a larger 

rate while the end eccentricity increases. 
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6-2 Effect of the Area Ratios on Failure Uniform Distributed Load 

For the purpose of the identification of the effect of steel area with respect to the 

concrete area, three sections of the concrete encased steel sections were used. The steal 

sections are (152mm x26.27kg/m), (178mm x 21.54kg/m) and (127mm x24.37kg/m) encased 

in concrete with a cover of (50mm) at all sides. (As/Ac =0.072, 0.062, 0.05), respectively of 

length (5m), the material properties are as follows: 

fsy =368 MPa, Es =200x10
3
 MPa, sy =0.0016 

fcu =44 MPa, Ec =29480 MPa, cmax =0.002 

Figures (5-a), (5-b) and (5-c) show the relationship between the axial load (P) and the 

ratios of (W/P) values at the failure of the three sections for values of eccentricity (e=0.2D, 

0.5D and D) respectively.  
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Figure (5) Relationship between (W/P) at Failure Values with (AS/AC) 



Journal of Engineering and Development, Vol. 9, No. 3, September (2005)             ISSN 1813-7822 
 

 13 

It is seen from the figures that there is no fixed relationship between the different values 

of (As/Ac) and (W/P) at failure. (e.g. for  e=D, P=100 kN and As/Ac =0.072 (W/P) =0.2, by 

decreasing As/Ac to 0.062 (W/P) decreases to 0.174 while by more decrease of As/Ac  to 0.05 

(W/P) increases to 0.29). But this relationship between the values of the (As/Ac) ratios is 

similar for the three different figures. 

Also it is noticed from the figures that while the axial force increases the decrease of 

(W/P) ratio increases for the change of (As/Ac) from (0.05 to 0.072) and from (0.05 to 0.062), 

but this increment decreases while the value of the eccentricity decreases. (e.g. for e=0.2D, 

P=100 kN (W/P) decreases by a rate of 25.33% for the change of  (As/Ac) from  0.05 to 0.072, 

and for P=200 kN (W/P) decreases by a rate of 28.48% for the change of  (As/Ac) from  0.05 

to 0.072 while for e=D, P=100 kN (W/P) decreases by a rate of 31% for the change of  

(As/Ac) from  0.05 to 0.072, and for P=200 kN (W/P) decreases by a rate of 50% for the 

change of  (As/Ac) from  0.05 to 0.072. 

 

7. Conclusions  
 

From this study the following points are concluded: 

The comparison between the simple analytical expression that used at this study and that of 

Ref.(2) shows a good agreement that ensuring the validity of this method. 

1. The predicated formula for the failure uniform lateral load that obtained from the 

nonlinear regression converges to (0.91) that make the use of this formula is possible for 

any pin-ended composite beam column. 

2. The maximum lateral deflection (max) increases with the increase of the applied uniform 

load for specified values of axial load and eccentricity.  

3. The value of (max) increases by a larger rate while the end eccentricity increases for a 

specified W and P.  

4. The relation between the failure (W/P) value for any two values of (As/Ac) is constant for 

the same axial load and eccentricity. 

5. The difference between the values of (W/P) at failure and any two ratios of (As/Ac) 

increases by the increase of the end eccentricity and same axial load. 
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Notations 
 

Ac,As = Area of concrete and steal section respectively 

D  = Depth of the cross section 

e  = End eccentricity  

Ec, Es = Module of elasticity of concrete and steal 

EI  = Effective flexural stiffness of column  

fcu,fsy = Ultimate compressive strength of concrete and yield strength of 

steel respectively 

Ig, Is = Moment of inertia of gross concrete section and of the structural 

steel section 

   = Length of the composite column  

M  = Applied bending moment  

Mmax = Maximum bending moment at the mid span of the column 

Mu  = Ultimate moment capacity of the cross section 

P  = Applied axial load 

r  = Radius of gyration  

W,Wf = Applied uniform lateral distributed load and its failure value, 

respectively 

max = Maximum lateral deflection at the composite column 

c,s = Strain of concrete and steal, respectively 

 

 

 

 

 

 

 


