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Abstract

The aim of the present work is to develop the computer program to simulate the steady
two-dimensional laminar and turbulent flows. The finite volume method is used to solve the
flow governing equations numerically. The Navier-Stokes equations are solved for the
velocity flow field. Since all the variables are stored at the center of each control volume.
The correct velocity field is then used to solve k-epsilon equations. The eddy viscosity, that
represents the influence of turbulence on the mean flow field, can be calculated from those
values of k and epsilon obtained. The boundary layer on a flat plate is employed as a test
case because it is one of the standard famous problems for the validation of CFD program
and a Reynolds number is chosen at 1400 as a case study. It is found that the computed
results are in good agreement with the available published data. Moreover, the governing
equations are solved by using body-fitted coordinates system so that this computer program
can be developed further for the simulation of laminar and turbulent flows over any object
of complex geometry in the future.
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1. Introduction
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CFD simulation of fluid mechanics flow problems covers many important applications
in mechanical engineering. Understanding, the flow behavior is therefore important for the
design and development of engineering applications. In fluid dynamics, the flow behavior is
governed by the continuity equation, the Navier-Stokes equations, the energy equation and the
equation of state. For incompressible flow, where the free-stream Mach number is lower than
0.5, the effects of temperature variation on fluid properties are very small, so that the fluid
properties can be practically treated as constant. Therefore, the continuity and Navier-Stokes
equations are adequate for the prediction and study of viscous incompressible flow. To study
turbulent flow, the continuity and Navier-Stokes equations can be solved directly by any
numerical method. However, the solution requires the large number of grid points, volumes,
elements or other form of sub-domain to capture the characteristics of turbulent flow. In
general, the turbulent flow is predicted and studied on the basis of mean quantities. By this
way, the continuity and Navier-Stokes equations are time-averaged. From the other hand,
turbulence models have been developed and widely used with success over a wide range of
engineering applications ™.

The current work is aimed to develop the computer program to simulate the steady
two-dimensional turbulent flow using two-equation turbulence model.

2. Mathematical Analysis

Incompressible steady flow is governed by the continuity equation and the
Navier-Stokes equations where all the fluid properties are constants. For turbulent
incompressible flow, these governing equations are essentially time-averaged and the
resulting solution is the mean flow field. This technique gives rise to the additional unknown
terms which cause an important problem. This problem can be solved using a two equation
turbulence model . The following equations are used in the analysis:

2-1 Continuity Equation

where, p is the fluid density and T

; Is the flow velocity.

2-2 Navier-Stokes Equations

aixj uu,)= %(fi,- + ri,-)—%'ai ........................................................ ()

J
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where, P is the pressure, and f; and z; are the laminar and turbulent flow shear stresses

respectively with the following definitions *:

- u Ou v}
fmpf| L T |20, | e (3)
oX; 0x; ) 3 70X,

where, p is the fluid dynamic viscosity and &; is the Draic delta function where, &; =0 for

i#]jand @; =1 fori=j,and the turbulent shear stress is defined by [41;

ou, ou;| 2 ou, | 2
W = — 2 [=20, —E = Z0,PK ceiiiiiiiieiereeeeeeeeeeeeeee 4
TlJ “’t|:[ aX + aX \} 3 ij 6Xk j| 3 Up ( )

j i
where, x, is the eddy viscosity and k is the kinetic energy of turbulence.

2-3 Two-Equation Turbulence Model
The formula of this model is given by ©:

k2
W, = pkﬁu? .............................................................................. (5)

where, Ais the model constant, B, is the turbulence damping function, and ¢ is the

dissipation rate of k.
The Transport Equations for k and ¢ can be determined from !:

o ( ) u, ) ok ou,
—A\puk)=— e L= PN 6
ox, (pu’ ) OX; H”Jr jaxj}rt” ox, PETP (©)

where, o is the model constant and G is the additional turbulence term.

€
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where, (o, C¢, Cgo) are the model constants, and (fg1, f.o) are the damping functions, and
E is the additional term.

For the k —¢ turbulence model !, the model constants, damping functions and
additional terms are provided as follows:
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where, R,= puLs ................................................................................. (13)

3. Numerical Scheme

The finite volume method ® is used numerically to solve the governing equations which
can be written in a general form as follows:

where, ¢ is the general dependent variable, I" is the effective diffusion coefficient, and S? is
the source/sink term of ¢. To simulate the external flow past a body of complex shape, the

general form of the governing equations is essentially transformed from the physical domain
(x,y) into the computational domain (&,#) as in the following equation [l;

a%(pu¢)+%(pv¢)=a%{£[a@— @ﬂ+i{£[y@— @ﬂusd’ ... (15)

JU o6& " on on|J\"on ~ &&
where,
u=gd v L (16)
m  on ot  0o&
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Using the finite volume method, the computational domain is divided into a number of
control volumes. The transformed equations can be integrated as follows:

[(puane], +[(pvAE)S] = [FTA“[(X? _ B@H
- (18)
+ [FT&(Y% - B%ﬂ + (JAEAT)S?

S

where, §g is the average value of S® at the center P of each control volume, and (e,w,n,s)

are the east, west, north and south faces of each control volume. The convection terms are
approximated by the first-order upwind differencing scheme and the diffusion terms are
estimated by the second-order central differencing scheme. Therefore, the standard form of
the finite volume equation can be obtained as:

Ald, = Al + AL by, + Aldy + AL D% L (19)
where,

Al = (gai—g] + max[O,—(pUAn)e], A}, = (5“22] + maX[O:(PUA'ﬂ)W]’ """ (20)

A =[§ i—ﬁ] +max{0,~(pVAE), ], Al =GY§§J +max[0, (pVAE), ], +eevene (21)

At =AL+ AL+ AL+ AL

v o _[Tan( 00| _[Tag( a0\|
and b = (JAEAN)S? [ : (Banﬂw [ : (Bagﬂ ........................ (22)

S

The continuity equation is not solved directly with other governing equations. The
p'-equation is solved instead to obtain the pressure correction p’ and its value is used to

correct the values of pressure and velocities to satisfy the conservation law of mass. The
p’-equation can be written in a standard form as follows ™°':
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APpL = AZPE + AN Py + ARPN F ARDE My eeieieiiirineeeeerrneecensesnsncenss (23)

where,

Ae=[ o820, Az, =[pBEN| | Af=[pcaS], Az=[pcRE]
Age AgW AT]n Ans

AS=AR+ A}, + AL+ AL,
and m, = (pU"An), - (pU"An), +(pV'AE), — (V'AE), ceeeverereeieteee, (24)

U", V" are calculated from the resulting velocities of the Navier -Stokes equations, whereas

B=B”a—y—BV%X, and Czcv%—cua—y ...................................... (25)

on 7 0
where,
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However, the current grid system is technically rather complicated for programming and
requires a large amount of computer storage. This point becomes clear when the computer
program is developed further for real-world applications. The collocated grid system is
employed in this work so that all the variables are stored at the center of each control volume
gradient 4,

In the current work, the boundary layer on a flat plate is chosen as a test case.
Physically, the pressure field of this flow is constant and known throughout the flow domain.
Therefore, the pressure correction p’ obtained is used to correct the velocities only, not to

correct the pressure because the pressure itself is already known and constant.

4. Computer Program Algorithm

The algorithm for the simulation of turbulent two-dimensional flow can be summarized
as follows:
Using the p’-equation for the pressure correction.
Correct the velocities by the pressure correction.
Calculate the k -equation for the turbulence kinetic energy.
Start the computation with an initial value of velocities, pressure correction, turbulence
kinetic energy and dissipation rate of turbulence kinetic energy.

P wh e
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5. Calculate the Navier-Stokes equations for the velocities.
6. Calculate the ¢ -equation for the dissipation rate of turbulence kinetic energy.
7. Repeat from step (2) until the solution converges the steady state.

5. Results and Discussion

Calculations are used for laminar and turbulent incompressible flows and program
input data are summarized in Table (1) below:

Table (1) Program input data

Parameter Laminar Flow | Turbulent Flow
G max 105 250
Nimax 105 160
Re, 2x10M4 6 x 10 "6
P, (Pa) 101325 101325
Relaxation Factor 0.31 0.31

where, Emax and mmax are the numbers of grid lines used in the computational domain,
Re| is the Reynolds number based on the length of the flat plate and the free-stream velocity
, P, is the free-stream pressure, and the relaxation factor is used to stabilize the numerical
scheme used.

Figures (1) and (2) show the velocity distribution and skin friction coefficient of the
laminar boundary layer on a flat plate in which the computed results are compared with the

analytical solution. In Fig.(1), u*:u/Uoo and y*=y,/pUOO/ux. It is found that the

computed results are in good agreement with the analytical solution so that the numerical
method used is accurate for the simulation of the laminar boundary layer on a flat plate. It is
found that the computed results are in good agreement with the analytical solution ™ so that
the k — ¢ turbulence model is capable of simulating the turbulent boundary layer on a flat
plate. Figures (3) to (6) show the distributions of the velocity, Reynolds stress, turbulence
kinetic energy and dissipation rate of turbulence kinetic energy of the turbulent boundary
layer on a flat plate. They are normalized in dimensionless units .As problem size increases,
the speed up also increases rapidly. Also, as more grids are included, more speed is required.
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Figure (1) Velocity distribution of the laminar boundary layer on a flat plate
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Figure (2) Skin friction coefficient of the laminar boundary layer on a flat plat
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Figure (3) Velocity distribution of the turbulent boundary layer
on a flat plate at Re, = 1400
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Figure (4) Reynolds-stress distribution of the turbulent boundary
layer on a flat plat at Re, = 1400
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Figure (5) Distribution of the turbulence kinetic energy of the turbulent
boundary layer on a flat plate at Re, = 1400
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Figure (6) Distribution of the dissipation rate of k of the turbulent boundary
layer on a flat plate at Re, = 1400
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6. Conclusions

Both laminar and turbulent incompressible steady viscous flows are simulated in the
current work. The numerical method used is capable of accurately predicting the laminar and
turbulent boundary layers on a flat plate. The data of the turbulent boundary layer on a flat
plate at Re, =1400 is used as a test case to yield the performance of the k — ¢ turbulence
model of ) .1t is found that the computer program in general provides good results. Also, the
use of body fitted coordinate system seems to be very effective in simulating this problem.
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