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Abstract

Fourier analysis and wavelet analysis have often been used in time series analysis.
Fourier analysis can be used to detect periodic components that have sinusoidal shape.
However, it might be misleading when the periodic components are not sinusoidal. The
resulting Fourier analysis is more difficult to interpret compared with classical Fourier
analysis. Wavelet analysis is very useful in analyzing and describing time series with
gradual frequency changes. Wavelet analysis also has a shortcoming by giving no exact
meaning to the concept of frequency because wavelets are not periodic functions. In
addition, the two analysis methods above require equally-spaced time series observations.

In this paper, by using a sequence of periodic step functions, a new analysis method,
adaptive Fourier analysis, and its theory are developed. These can be applied to time series
data where patterns may take general periodic shapes that include sinusoids as special
cases. Most importantly, the resulting adaptive Fourier analysis does not require
equally-spaced time series observations. To do statistic test for periodic components, the
adaptive Fourier analysis are needs. People can approximate a function by polynomials,
sinusoid, step functions, and we used wavelets and apply the approximate to nonparametric
regression, nonparametric regression by the step function.

In this work we used adaptive Fourier analysis would be applied for many image to
compared data observation will be take fewer degree of foredoom.
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1. Introduction

The digital cameras, scanners and camera phones have made the capture, display,
storage and transmission of images, a routine experience. In addition, imaging is extensively
used in medicine, law enforcement, Internet gaming and ' data collected by satellites.
Despite rapid improvements in data storage processing speeds, and digital communication
system performance, this proliferation of digital media often outstrips the amount of data
storage and transmission capacities. Thus, the compression of such signals has assumed great
importance in the use, storage and transmission of digital images. For still images, the JPEG
and the GIF standards have been the prevailing norms for lossy and lossless compression.
Recently, wavelet-based lossy compression schemes have been gaining popularity over
discrete cosine transform (DCT) due to their lower complexity and better image quality
vis-a-vis compression ratio. For image compression applications, it is vital that a
non-expansive (i.e. the total number of input samples is equal to the total number of wavelet
coefficients at any point during the decomposition process) discrete wavelet transform (DWT)
be employed; If orthogonal wavelets were able to employ symmetric extension, then perhaps
their unique advantages (energy preserving, decorrelating, simple inverse) would outweigh
advantages of the biorthogonal wavelets (linear phase). Thus, some unresolved questions may
now be addressed. This paper presents and compares different DWT implementation
techniques as well as compares the performance of orthogonal and biorthogonal wavelets with
symmetric extension .
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2. Theory of Data Analysis Method

2-1 Fourier Analysis
The basic idea of a Fourier series is that any function x(t) € L?[0.T]can be decomposed
into an infinite sum of cosine and sine functions:

o0

x(t)= >, [ak cos ant+bksin2“_kt] FOr all T ceececereececeecacnenn 1)
_ T T
where:

T
K = ijx(t) cosS 2mkt AL cevecrrecreccneccaescnescsescssscnssssssssssasssssssssssnns 2

T 0
—I (t)sin 2nkt ............................................................... 3)

2nkt . 2wkt

This is due to the fact that { 1.cos=—sin=—=k=123... } form a basis for the space L?
[0,T]. The summation in (1) is up to infinity, but x(t) can be well approximated in the L2 sense
by a finite sum with K cosine and sine functions:

o0
)((t): Z [a_k COSZth+ka- ] ................................................
k=0 T

This decomposition shows that x(t) can be approximated by a sum of sinusoidal shapes
at frequencies A, =27k/T,k=01,..,k. In addition, the variability in x(t) as measured by

}\ et can be approximately partitioned into the sum of the variability of the sinusoidal
X
0
shapes:
J'|X(t)|2dt_J'[Z [a cos 2mkt + Dby sin ant] dt = Z'Yk' ..................... (5)
0 k=0 T k=0

A standard technique of time series analysis is to treat the partition in equation (5) as an
analysis of variance (ANOVA) for identifying sinusoidal periodicities in a time series data set
{ x(t), 0< t <[OT}. When x(t) has sharp discontinuities or a non-sinusoidal waveform, such as
a rectangular waveform, then we would require a very large number, K, of terms in its Fourier
series in order to get an adequate approximation !,
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2-2 Discrete Fourier Transform (DFT)

For an arbitrary time series data set, x = ( x(t1 ), X(t2 ), ..., x(tn )), if the observation times
are equally spaced, at interval At, then the data set x can be simply written as x = ( x(1), x(2),
..., X(N) ) by taking At =1 and t; =j; and there is an orthogonal system

{e_'tWk : —g+l <k< g if n iseven and _7N2—1 <k< N2—1 if nisodd}s SO that the Discrete

Fourier Transform of x can be defined by:

where: the frequencies wy =2nk/N, k=0,1, ..., [N/2], are called the Fourier frequencies; and
[r] is the largest integer no larger than r. The Fourier series of x(t) can be written as:

IN/2] .
X(t)= Y X (K)E WK ettt (7
k=—[N(N-1)/2]

Corresponding to (5), we have the ANOVA

N N2,
Y x°(t)=N DX (K e (8)
t=1 k=—[N(N-1)/2]

This representation provides an ANOVA for revealing how well the periodicities in x
may be described by the sinusoidal shapes X7"(-k)e™* +X"(k)e™. The ANOVA

decomposition in (8) holds only if the DFT, X" (t), is evaluated only at a fixed set of N/2
equally-spaced frequencies wy, and the data set must be equally-spaced.

2-3 Image Compression Using Fast Fourier Transform (FFT)

In the JPEG image compression algorithm, the input image is divided into 8-by-8 or
16-by-16 blocks, and the two-dimensional DCT is computed for each block. The DCT
coefficients are then quantized, coded, and transmitted. The JPEG receiver (or JPEG file
reader) decodes the quantized DCT coefficients, computes the inverse two-dimensional DCT
of each block, and then puts the blocks back together into a single image. For typical images,
many of the DCT coefficients have values close to zero; these coefficients can be discarded
without seriously affecting the quality of the reconstructed image. The computes of
two-dimensional DCT of 8-by-8 blocks in the input image is done by discards (sets to zero)
all but 10 of the 64 DCT coefficients in each block; and then reconstructs the image using the
two-dimensional inverse DCT of each block. Although there is some loss of quality in the
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reconstructed image, it is clearly recognizable, even though almost 85% of the DCT
coefficients were discarded. To experiment with discarding more or fewer coefficients, and to
apply this technique to other images ™. The image compression is shown in Fig.(1).

Image before compression Image after compression

Figure (1) The image before and after compression

2-4 Wavelet Analysis

Wavelet analysis is to decompose a given function x(t) € L2 into a sum of wavelet
functions. It involves a mother wavelet y(t), which may be any real or complex continuous
function that satisfies certain conditions, such as T ()t =0 and T\\v(t)\z e’ Wavelets are
themselves derived from their mother wavelet y(t) by translations and dilations. The Haar
function can be a mother wavelet defined by:

1 for0<t<l1/2
W(t)= _1 f0r1/23t<1 ...................................................... (9)
0, otherwise

Another commonly used wavelet is Morlet wavelet defined as:

2 2
\|;(t)=e_t cos(1tt1/2lln2)5e_t COS(2.885TL) wevererereieenrnrnieienencannnn (10)

Four different mother wavelets: Haar, Daublet, Symmlet, and Coiflet are shown in
Fig.(2), where the first letter of the wavelet indicates the name: d for Daublet, s for Symmlet,

and ¢ for Coiflet; the number of the wavelet indicates its width and smoothness 21 Given a

mother wavelet y(t), an infinite sequence of wavelets can be constructed by varying
translations b and dilations a as below:
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-1/2_ (t=Db
‘Va,b (t):‘a‘ W(T) ............................................................ (11)
By defining the continuous wavelet transform W(a,b) as:
o0
W(a’b)=<x(t)'\|’a,b(t)>= X Wap ()T reeeeresesesensesesinisisiiisieis (12)
—00
We can represent x(t) as:
l o0 OO
xt)=—"- [ a2 W(@,b)Wa b (D)dadh «weeeeeeereercmmmenniniiiiincieiiinns (13)
C1 0—o0
where:
C,= IM&* and W(w)= j W(t)e ™ dr
— (u —C
00 02 04 08 08 10 1.0 0.5 00 05 1.0 15 20
“haar’ mother psi(0.0) “d4' mother, psi(0,0)
B

'$12' mother, psi(0,0)

"c12' mother, psi(0,0)

Figure (2) Four different mother wavelets
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When a and b take on discrete sets of values, we can similarly obtain the discrete
wavelet transform as:

W(m’n)=<x(t)v\|’m,n (t)>: Ix(t)\l’m,n (D)0t eevvmmmmmeeeeeemmnniiinieiiiiinans (14)
and,
X(t)= Z Z Wm,n \Ilm,n(t) ................................................... (15)

M=—00 N=—00

For an equally spaced time series data x =(x(1), x(2), ..., x(N)), we can take approximate
wavelet transforms by replacing (13) by an estimate such as:

00

W(m,n)= [x(t)ym n(t)dt
oo e ———— ettt et ettt ———— (16)
N
R~ IZx(l)\llm,n (1
=1

It follows that a class of discrete wavelet transform (DWT) for equally spaced time
series data can be implemented by using an efficient computational algorithm !,

An example of wavelet is given in Fig.(2). In the example, the signal is
ss =10*cos ( m*t/15)+3*cos( n*t/10), which is plotted in Fig.(3).

Vavi

Index

Figure (3) The signal ss =10*cos (n*t/15)+3*cos(x*t/10)
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2-4-1 Image Compression Using Wavelet Transform

This research is based on the Image Wavelet Compression C code, which is provided by
Honeywell Technology Center . The IWC code contains all the routines required for a
simple wavelet-based image compression of a 512x512 8-bit pixel image in PGM format. The
compression process consists of four basic steps: wavelet transform, quantization, run-length
encoding, and entropy coding. This is shown in Fig.(4). The IWC code accepts an optional
compression-factor parameter specifying how aggressively the image should be compressed.
A compression factor indicates minimal compression and maximum image quality. The
compression factor of 255 indicates maximum compression with higher degradation to the
image quality. If the compression factor is not indicated, a default compression rate of 128
will be used. The compressed output image file format is specific to this program !,

Object _| Discrete Wavelet Decomposition N Image
Image (DWT) selection size

A
\ 4

v

< Visualize

Inverse Discrete wavelet
(IDWT)

Figure (4) Image wavelet compression

2-4-2 Wavelet Transform Routine

The first step, the wavelet transform routine process, is a modified version of the
biorthogonal Cohen-Daubechies-Feuvear wavelet. Wavelet transforms have received
significant attention and are widely used for signal and image processing. For example, they
are widely used in image coding, image compression, and speech discrimination. The basic
concept behind wavelet transform is to hierarchically decompose an input signal into a series
of successively lower resolution reference signals and their associated detail signals. At each
level, the reference signal and the detail signal contain the information needed to reconstruct
the reference signal at the next higher resolution level &,

2-4-3 One-Dimensional Wavelet Transform

The one-dimensional discrete wavelet transform can be described in terms of a filter
band as shown in Fig.(5). An input signal x[n] is applied to the low pass filter I[n] and to the
analysis high-pass filter h[n]. The odd samples of the outputs of these filters are then
discarded, corresponding to a decimation factor of two. The decimated outputs of these filters
constitute the reference signal r[k] and the detail signal d[k] for a new-level of
decomposition. During reconstruction, interpolation by a factor of two is performed, followed
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by filtering using the low pass and high-pass synthesis filters I[n] and h[n]. Finally, the
outputs of the two synthesis filters are added together [©.

d[k]
hn] —» % —» B> b -

[k
In] —™ Jg-ﬁ- i+ 1@’

Figure (5) One-dimensional wavelet transforms

The above procedure can be expressed mathematically in the following equations:

dlk]= S x[n]eh[2k =] ceeeererieii s (17)

r[k]:Zx[n]ol[Zk - n] ................................................................ (18)

x[n]:Z(d[k]og[— n+2k])+(r[k]o h[— n+2k]) ................................. (19)

2-4-4 Multilevel Decomposition Wavelet Transform
For a multilevel decomposition, the above process is repeated. The previous level’s

lower resolution reference signal ri[n] becomes the next level sub-sampling input, and its
associated detail signal d;[n] is obtained after each level filtering. Figure (6) illustrates this
procedure. The original signal x[n] is input into the low-pass filter I[n] and the high-pass filter
h[n]. After three levels of decomposition, a reference signal rs[n] with the resolution reduced
by a factor of 2° and detail signals ds[n], do[n], di[n] are obtained. These signals can be used
for signal reconstruction.

3 [n] tsnl
i In] —» 42 —»

dy [n]

In] » 2 hin] —® da ——»
d,
1[u]—ll-|:: hin] |—> 12 _[n]._

dyfn]
>

hn] —» {2

Figure (6) Three-level decomposition for wavelet transforms
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The wavelet transform routine in the IWC code employs a shifting scheme to simplify
the wavelet implementation. Therefore, it only requires integer adds and shifts, which make it
easier to implement on hardware. The computation of the wavelet filter is performed
according to the following equations.

D =D+ D =S50 =S creeeerereerereerereerereeseseseressessesessesesessesessesen (20)
S0= S0+ (25D /8) «rerrererrereereererrereeressereereesesessesesereesesersesenas (21)
Dj = Dj + Dj = Sj —Sj,] crereerereerererrererseresseessesessesessesessesessesessesen (22)
Si =Si + ((Dj_ + D)/ 8) eerereereererreeeresreeereeressesseseesesessesesessess (23)

In the above equations, D;j and S; are odd and even pixels taken from one row or column.
For every row or column do:

So Do S1 D1 S; D, S3 D3 ... respectively. In image compression, one row or column of an
image is regarded as a signal.

Calculation of the wavelet transform requires pixels taken from one row or column at a
time. In Equations (20) — (23). D, should be calculated before processingS;. Therefore, the

odd pixel should be processed first, then the even pixel due to the data dependency. There are
a total of three levels based on the 3-level decomposition wavelet transform algorithm
discussed above. In each level, the rows are processed first then the columns. Each level’s
signal length (amount of each row/column pixels) is half of the previous level. Equations
(20) — (23) are grouped into a function called image compression by MATLAB program.

Figure (7) illustrates the three levels of wavelet transform implementation, and Fig.(8)
shows compressed image by Haar class.

512x 512 Every column

i
SN

128x 128

mm mm i

Figure (7) Wavelet transforms implementation
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Original image Retained energy 95.45 % -- Zeros 93.75 %
Compressed image

Compress

- Global threshold
Retained energy in %

—— HNumber of zeros in %

Figure (8) Image compression (200*200) analyzed at level 2 with Haar

2-5 Quantization Routine

After the three levels of the wavelet transform, the quantization routine follows. During
the quantization routine, the original image is divided into 10 blocks; the first four will be 64
X 64 pixels (4096 pixels), then three will be 128 x 128 (16384 pixels), and the remaining three
of 256 x 256 pixels (65536 pixels). Every block executes the same quantization process.
Figure (9), illustrates this as a block diagram. Before processing each block, some parameters
should be prepared. First is the blockthresh, which should be provided by the developer. An
array is used to hold these 10 block .

Blockthresh [10] = {0, 39, 27, 104, 79, 51, 191, 99999, 99999, 99999}

LL HL
App émir;aiiun Hmrl
IMAGE \
LH HH
Verlical Diagonal
Dalails Dalails

Figure (9) Output of 1-level 2-D decomposition
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thresh1l~thresh16; the formula to calculate these values are as follows:

(max—min).n+8
4

thresh ,=min+ , NiL~16 ceoreerrernrernecnraenecnsnsnnnn (24)

The thresh, is the nth thresh value in a block, and n value is from 1 to 16. Values min
and max are the minimal and maximum pixel values within this block. After these numbers
are computed, each block can run the quantization process. First, each input pixel’s absolute
value is compared with its corresponding blockthresh [n], if it is smaller than the blockthresh
value, the original pixel value is assigned to a constant value ZERO_MARK, which should be
defined by the user. In this work, this is assigned a value of 16. If the abs (pixel) value is not
smaller than the blockthresh value, the pixel will be passed called “image compression”. The
original pixel value will then be changed into its corresponding thresh, value after this call.
The pseudo code to represent the above calculation is shown in Fig.(10).

Approximation coef. at lewel 2

Selection

Original Image

Decomposition at level 2

Synthesized Image

Figure (10) Represent compression by DWL
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3. Conclusion

This work has identified and explained new parameters and techniques that are critical
to high quality image compression performance. Although this work illustrates improved
image compression performance for orthogonal wavelets, the develop theory and methods can
be applied to equally and unequally-spaced time series in which the frequency components of
time series may take general periodic shapes that include sinusoidal as special case.
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