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Abstract

Study the stability of slopes is of great importance for the geotechnical engineers.
Stability analysis is required for engineering projects, such as natural stabilized slopes,
embankments and cuts in road and excavation in soil. There are many methods used to
analyze the slope stability problem. Limit equilibrium is most conventional method, which
is used to analyze slope stability, which depends essentially on assuming a failure surface.

In this research, the finite element method is used to analyze slope stability problems.
A finite element program is used to analyze the soil slope stability according to the theory of
elasto-plastic failure of visco-plastic method. Mohr-Coulomb theory is used to represent the
surface failure. The study concentrates on computing the factor of safety for stability at
different values of cohesion (C) and angle of internal friction (¢) of the soil.

Comparison between the computer results with the traditional slip circle solution gave
good agreements. The study also considered soil slopes in two layers with different
thickness and shear strength. Wide range of angle of slope is used in this research. Finally,
charts for coefficient of slope stability are introduced with different ratio of cohesion for
two layered soil different in thickness.

58S mo plidie Al stigad Lassilly 5 S Luad ] Led ) Cile guia gall po duia ) ¥ ol paniall ) it ey
;L«a.ryra.la.:.uu‘fu//f/a.ésjb u/;/LAy/J ‘4_1.1.1,4.// 4.::_1.12.// 4.1.«4_))// u/_)..b.m]/uﬁm ‘u/J_h.m.//J/JM/JLB.r u.[é:.u
b A )Y < paniall i) i) pakiass 5] 5 oall (e aied] SLia JJ;J/JL‘.;/LH ClIS 5 s Ll
UAJM/M/C;AN‘J_& il Sy Sain il g o prsiall (il derSicaall Lalall 46 3501 s gasll 1 il

alinl geali o A ) Y1 < raiall ) jdins) AUSa lnil 5onsall ualinl] 46 sk afasins] a7 Cinal] fia 5
Ly b paiin a SALS ¢ Al sall Lddl) 4 pb e aaic] 35 4./_).1.//_)_7;“ _)/_)a.w/dﬁ.:‘_,ﬁf.:;w/‘;.ﬂ/ 30aaal
SLaalaill)ds il ailiai (o dili aedl Lo Jale il Ao Ll )3l &S5 | il el (Jfad] ao ol - o
NENP

Lo A pall Crain) s (38155 e | Zpalil) J glad) so gealipall (1o lgtle Jpuand) a5 1 aeiliil] 4yl
A i) A )Y Sl pani¥) Ll S e gl 5 (5 plaiE] o lesally Gl el Spiialal] 5 oyl
ol opislie gk 5 oo il g 4o gldad] po d6lise cuwil 4 ) i Y] O laleod Cilhbsio

1. Introduction
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There are many methods used to analyze the soil slope stability. The stability of slopes
is assessed by determining the safety factor that is depending on the properties of soil, which
represent the strength to failure. The resistance to failure depends on cohesion (C) and angle
of internal friction (¢). When the ground surface is sloping, forces are generated. The
important forces induced in the slopes are the force of gravity and the force of seepage water,
which induce shearing stresses in the soil. In practice, limiting equilibrium methods are used
in the analysis of slope stability. It is considered that failure occurs at any point along the
failure surface. The failure surface is assumed according to the type of slope.

There are several types of surface failure. Circular, noncircular rotational slip, transition
and compound slip may be the potential surface failure. Suggestion of a surface failure
depends mainly on the homogeneity and the strength of layered soil. The most conventional
methods that are used to analyze slope stability problems are the ¢-circle method and the
Slices methods. The principle of slices method is used widely by many researchers. The
object is to simplify the solution that is needed by much iteration and to make the method
valid for any surface failure shape. The original concept of this method was developed by
Fellenius, and then by (Bishop, 1955). Bishop and Morgenstern (1960) published
dimensionless stability coefficients for homogeneous slopes. Morgenstern and Price (1965)
developed a general analysis in which all boundaries and equilibrium conditions are satisfied
and in which the failure surface may be of any shape. Spencer (1967) proposed a method of
analysis in which a numerical solution is used and showed that the accuracy of Bishop’s
simplified method is satisfied. Bell (1968) proposed a method in which the soil mass is
considered as a free body as in the case of ¢-circle method. Michalowski (2002) used another
method to indicate the safety factor; he presented stability charts for uniform slopes based on
the kinematics approach of limit analysis. In all the previous methods of analysis a surface
failure should be proposed. This means that the analysis depends essentially on the proposed
slip surface. Real analysis is performed when the soil is used as a nonlinear material and the
differential equations that govern the problem are used. Solution for the differential equations
can be conducted by the finite element method. Reluctance to use finite element method for
slope stability analysis in practice has been partly due to concerns that it is complex and
computationally time-consuming (Lane and Griffiths, 1997). With the developing of
computers in both hardware and software fields the finite element methods become
commonly used. The essential program that is used in this research to analyze slope stability
problems was taken from (Smith and Griffiths, 1998). Griffiths and Lane (1999) developed
further the program to take into account the water seepage effect. The program has been used
to analyze several slope stability problems including the influence of layering and free surface
on slope and dam stability. Chok et. al. (2000) studied the effect of vegetation on stability of
slopes. It was concluded that the vegetation reduces the pore water pressure and increases the
soil shear strength. The effects of soil suction and root reinforcement has been quantified as
an increase in apparent soil cohesion. The effect of root reinforcement is considered by using
an apparent root cohesion (Cr = 5 kPa). The depth of root zone (hr) is considered to be

121



Journal of Engineering and Development, Vol. 10, No. 4, December (2006) ISSN 1813-7822

1 meter. The program that is used in this study is the same program that is used to study the
effect of vegetation. In this research the effects of internal friction and the cohesion were
studied.

In practice the strength of soil is not constant with depth and the soil is not of the same
properties with depth, it may be in two or more layers. There are a few researches, which
deals with slopes of two layers and the cases that have been studied are limited. For the case
of two layers with different strength, factor of safety is obtained by computing the average
value of strength, and then using the classical charts to find the safety factor. In this research
charts are introduced to compute the factor of safety for two layered slopes depending on easy
equations. The charts introduced here are based on the results that obtained from the program
of finite element without any averaging to the strength parameter. This study will explain the
difference between the results of safety factor when the strength of the two layers is averaged
and when the strength is used as a real case. The introduced charts give accurate results with
confidence compared to the other charts.

2. Model of Slope Stability Problem

2-1 Finite Element Modeling

The finite element model in the present study assumes two dimensional plane strain
conditions. The program that is used in this study uses nonlinear element of eight-node
quadrilateral elements. The suitable failure criterion that represents the soil that possessing
frictional and cohesion components of shear strength is Mohr-Coulomb criterion. When the
research deals with undrained soil Von Mices theory is more convenient. Failure of the slopes
can be defined in different ways (Abramson et. al., 1996). Factor of safety of slopes may be
computed by using the non-convergence solution, coupled with a sudden increase in nodal
displacements as an indication of failure condition (Griffiths and Lane, 1999). Another
approach which is depended on is the failure of the visco-plastic algorithm converging within
an iteration limit usually “250 iterations”, with nodal displacement criterion on successive
iteration (Lane and Griffiths, 1997). For a successive iteration a tolerance of (0.0001) in this
program enables the iterations to be stopped when successive solution are close enough but
since iteration is a loop which could carry on “for ever”, a maximum number of iterations is
specified to 250 iteration. Selection the value of maximum number of iterations of 250
iterations is not a rule also the tolerance. Comparing the computer result with traditional
solution assesses them.

2-2 Factor of Safety

The factor of safety (FoS) of the slope is to be assessed, and this quantity is defined as
the proportion by which (tan ¢) and (C) must be reduced in order to cause failure. The
factored soil strength parameters that go into the elasto-plastic analysis are obtained from:
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Of =taN ™ (tANG/FOS) cvvrrrerererrrerrerrreseesesee s 1)

Gt = CTFOS ettt e e e e s e e 2

where:
¢+ factored friction angle
¢ : friction angle
C: cohesion
Cy: factored cohesion

Several (usually increasing) values of the factor of safety are attempted until the
algorithm fails to converge. The actual factor of safety of the slope is the value to cause
failure.

3. Governing Equations

3-1 Visco-Plasticity

In this method Zienkiewicz and Cormeau (1974) assumed that the material is allowed to
sustain stresses outside the failure criterion for finite “periods”. The visco-plastic strain rate is
given by the following equation:

The derivative of the plastic potential function Q with respect to stresses are expressed
through the chain rule; as following:

0Q_0Q dom  0Q0J3  0Q I3 . .. (@)
0o 0oy 0o 0Jy 0o 0J3 0o
where:
J2=;t21 J3=stySZ‘sZ szy
The above equation can be solved numerically by an expression of the form:
eVP =F(DQ; M +DQy M? +DQ3M3)6 eeverererereerereerereenee (5)

where:
ML, M2, M3 are given in Appendix (1).
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Multiplication of the visco-plastic strain rate by a pseudo-time step gives an increment

of visco-plastic strain which accumulates from one “time step” or iteration to the next; thus:

(AeVP ) = (AeVP )t AL(E™VP ) e (6)

where, the time step for Mohr-Coulomb materials as derived by (Cormeau, 1975) is:

Ate AEFO)(L-20) s (7)

E(1-2v+sin¢)

3-2 Mohr-Coulomb Failure Criterion

Algebraically, the surface of failure is expressed in terms of failure function F. This
function, which has units of stress, depends on the material strength and invariant
combinations of the stress components. Failure function can be defined as following:

F=GmSin¢+G(C?/S§9 - Slne::mq))-ccosq) ...................................... (8)
where:
S P 1 .. ,-3J63
=, o=ty 3/2, _1ainl 3y,
Om 3 6 3sm ( 3 )

1
t=%[(o-x 'Gy)z "‘("y '52)2 +(07-0x)? +6T2xy]§

4. Verification

4-1 Problem Definition

The study assumes two-dimensional plane conditions. An elasto-plastic model with
Mohr-Coulomb failure criterion is assumed. The essential program used in this study was
developed by Smith and Griffiths (1998) and it uses eight nodded quadrilateral elements.
Figure (1) shows the mesh for a typical slope stability analysis. The shape of the mesh is like
a trapezium with the restriction that the top and bottom boundaries are parallel to the x-axis.
The mesh is considered as 25 elements density. Elements of finite element grid are different
in dimension from one to another. Properties of the soil are listed in Table (1). The output of
the program gives the factor of safety, the maximum displacement at convergence and the
number of iterations to achieve convergence.
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Figure (1) Typical soil slope mesh After Smith and Griffiths 1998

Table (1) Properties of studied soil

[0} C T} v E v
40 |1kPa |0 | 20kN/m3 | 100MPa | 0.3

4-2 Verifying the Results

First, the program was checked by solving the same old examples that were solved by
other methods and then the results are compared. The program of finite element is compared
with the results of Bishop and Morgenstern (1960) for the same problem. Figure (2) show
that FoS equal to 2.5 at 250 iteration which is the same result compared with traditional result.

I I I I I I I
2= Computer solution for typical case
- of slope stability C=1 kPa , ¢=40 .
— 4 — -
S tolerance of 0.0001 is not govern the
€ [ iteration which should be stopped at T
§ 6| 250 iterations —
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0 gl ]
e
S L i
S
<10 —
©
= = i
FoS=25
12 250 7]
1 I 1 I 1 I 1

14
00 05 10 15 20 25 3.0 35 40
Factor of Safety

Figure (2) Safety factor versus maximum displacement for ¢ = 40 and C=1 kPa
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5. Effect of Cohesion and Angle of Internal Friction on the Factor
of Safety

The problem is solved for different values of cohesion (C) and angle of internal friction
(p) to compute the effect of these parameters on the safety of the slope stability. Eighty
factors of safety ranging from 0.5 to 10 are attempted. The results of the factor of safety, the
maximum displacement at convergence and the number of iterations to achieve, are computed
for each case study. Four cases of parameter (C) are taken (1, 5, 10, 15 kPa). For each case
there are several cases of parameter ¢ ranging between (5-50). These values of cohesion (C)
and angle of internal friction (¢) are selected as a specimen of cases that should be studied.

The aim is to show how the effect appears with increase of cohesion (C) and angle of
internal friction (). The results give a good agreement with the (Bishop and Morgenstern,
1960) solution. Figure (3) shows the relation between factors of safety FoS with internal
angle of friction (¢) for each case of ¢ value. As obvious from the curves, the safety factor
increases with increasing of ¢ for each case of cohesion (C). It can be noted from curves for
¢ =40, C = 1 kPa that the FoS is equal to 2.5 while it is equal to 7 for C = 10. In general the
increase in ¢ and ¢ increases the safety factor. This fact is assessed by Coulomb relation:
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Figure (3) Relationship between angle of internal friction and stability factor
of safety at C =1,5,10 and 15 kPa
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6. Effect of the Angle of Slope

Figure (4) shows a sketch for the problem that will be studied. The height of the soil
slope is considered to be (4 m) and the angle of slope is equal to b (2, 3, 4 and 5) where:

B=tan! (L) , b=cot ()
X2 =X1

Two values of cohesion C (2 and 4 kPa) are used for the case of C - ¢ soil. The program
Is used to compute the factor of safety for each value of ¢ where the values of ¢ are different.
The magnitudes of the angle of internal friction that used here are (40, 37.5, 35, 32.5, 30,
27.5, 25, 22.5, 20, 17.5, 15, 12.5, 10). Curves are drawn between the factor of safety and cot 3
for different value of ¢ for each ¢/y H value of (0.05, 0.025). Figure (5) shows the results of

safety factor compared to the results obtained from the classical method of (Bishop and
Morgenstern). The results give a good agreement.

o

A
Layer 1 H,
Ce [ y
A

L 2 H
ayer H, l

Czy ¢

A 4

Figure (4) Sketch for the case of two layered soil slope stability

7. Two Layered Soil

Figure (4) states the problem of two layered soils, the thickness of the first layer is
called H; and the thickness of the second layer is called H,. Each layer has shear strength
parameter C different from other layer. The program was developed to take into account the
effect of the difference in the shear strength parameter C of the two layers on the factor of
safety. ¢ «:parameter is taken as a constant while the C parameter is taken as a variable. Shear
strength parameter C is included in the visco-plastic algorithm as an array of property for each
element in the mesh where each element may has different value of C parameter. The
program uses different ratios of C parameters (C,/C,) such as (10, 5, 2, 0.5, 0.2 and 0.1) with
angle of internal friction equal to 0 and 10. The program gives factor of safety of two layered
soil slope stability that has different value of shear strength at different ratio of shear strength.
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Figure (5) Relationship between the stability coefficient

for earth slopes and slope angle

128



Journal of Engineering and Development, Vol. 10, No. 4, December (2006) ISSN 1813-7822

Figure (6) show the relationship between FoS and thickness ratio Hi/H at C,/C, = 2
where C; and C, have different values. In general it can be seen that FoS increases with
increasing the thickness of top layer which has greater shear strength than bottom layer. The
type of increasing of FoS that can be noted from curves is linear, but it is varying with
increasing the thickness ratio and it can be divided into three parts: first part is between H;/H
(0-0.2), Second between (0.2-0.8), and third between (0.8-1). The third part gives high
increase while the first part gives lower increase.
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Figure (6) Relationship between factor of safety and thickness ratio
at shear strength ratio C,/C, =2 for different angles of slope
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Figure (7) show the relationship between FoS and thickness ratio at C,/C, = 0.1 where
C, and C; have different value. It is obvious that FoS decreases with increase the thickness of
top layer which has lower strength. Each curve can be approximately divided into two parts
the first part at thickness ratio between (0-0.4) gives high decrease in safety factor while the
second part give a low decrease in FoS. It can be seen from the view of sixth graph of Fig.(7)
where C;1/C,=0.1, b=0.25 the decreasing rate of FoS at first part equal to 20 while it is equal to
3.3 at second part where:
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Figure (7) Relationship between factor of safety and thickness ratio
at shear strength ratio C,/C, =0.1 for different angles of slope
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8. Charts of Stability Number

The study considers some cases of shear strength ratio such as C1/C2 = 0.1, 0.2, 0.5, 2,
and 10. Figure (6) and (7) represent the relations of FoS and thickness ratio at C,/C, =0.1 and
2. Results obtained from the program show that the FoS for each ratio of shear strength
(C4/Cy) is not constant and giving different values when the magnitude of C; and C, are
varied. Representing all these result by curves are not convenient therefore; stability
coefficients should be obtained and used with a simple equation to compute FoS. FoS is
computed for each ratio with different magnitude of C; and C, such as at ratio C1/C;, = 2, the
magnitude C,=200, C,=100 and C;=100, C,=50 and C;=50, C,=25. Curves are drawn
between FoS and the factor f where:

o CaHL T Gt et (10)
yH?

The relation between FoS and £ is linear. Curve fitting is used for each case of shear
strength ratio to obtain the stability coefficient N; and N, of the following linear equation:

FOS =T N 4 No coreeeeeeeeeeeeee e (11)

It was found that N, factor for ¢ = 0 is equal to zero while N; factor has a value more
than zero for ¢ = 0 or 10. Figure (8) shows the relationship between stability coefficient N,
with thickness ratio for soil slope stability with two layers have different ratio of shear
strength (C4/C;) and for ¢=0. Figures (9) and (10) show the relationship between the
coefficient of stability N1 and N, with thickness ratio for the case of =10. These coefficients
should be used in the above equation to find the factor of safety.
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Figure (8) Relation between the stability number and the thickness ratio
for different thickness of shear strength
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Figure (9) Relation between the stability number (N1, N2) and the thickness
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Figure (10) Relation between the stability number (N1, N2) and the thickness
ratio for different ratio of shear strength where ¢=10

9. Conclusion

1. In this study, the finite element method is used to analyze the slope stability problem. The
study is concentrated on computing the safety factor for different value of C and ¢ that
gives the strength to the slopes. As it is obvious, any increase in C or ¢ or both C and ¢ will
give a good stability in slopes. The model is more close to the real case and can be used
successfully in practice. The thought of stabilizing soil slopes depends on increasing the
strength of soil C in spite of the type of improvement method. Results obtained from this
study can help the designer to estimate the necessary work for stabilization.

2. A set of charts were produced to assess the stability of two layered soil slopes. The charts
are used to find the safety factor for the stability according to the stability numbers and
suggested equation. Different ratio of cohesion was used with constant internal friction.
The charts can be used for ¢ = 0 and 10 or between these two values by interpolation. The
stability numbers of slopes were obtained from the calculation based on the visco-plastic
analysis using the Mohr Coloumb criterion.
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3. Was concluded that the factor of safety for stability of two layered soil based on the
average value of shear strength C is different from the factor of safety obtained by the
program of finite element without averaging shear strength C. This difference should be
taken in the computing the safety factor for soil slope stability.

4. The existence of soft layer at thickness ratio 0.8-1 has active effect on the safety factor
compared to that at thickness ratio 0-0.8.

5. Factor of safety for two layered slope stability is decreases obviously when the top layer is
soft and at thickness ratio 0-0.4. It is necessary to give more interest to the first layer which
has lower value of shear strength.
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List of Symbols

B: Angle of Soil Slope

b: Cot B

C: Cohesion

Cs Factored cohesion

E: Modulus of elasticity

F: Value of failure function (unit of stress)
FoS: Factor of safety

Q: Plastic potential function
S: Mean stress

t: Deviator stress

At: Pseudo-time step

0: Lode angle

V. Poisson ratio

01, Oy, O3: Principal stresses

Om: Mean stress invariant

Ox Oy, Oz, Tyy, Tyz, T.  Cartezian stress tensor
Friction angle

Factored friction angle

Dilation angle

Visco plastic strain rate
Deviator stress

VP .

Aals, € € €
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Appendix 1
Plastic Potential Derivatives
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DQ3=\/§SIH2+SIn(p cos @
t“cos30
where:
t = Second deviatoric stress invariant.
0 = Lode angle.

vy = Dilation angle.
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