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Abstract

A polyester and composite polyester thin plate have been tested under a certain
constant distributed load (qg=8N/mm?) so as to give a linear behavior over the plane of area
at constant temperature (T=15°C). The plate has been tested for thickness values
(t=2,3,4mm). The type of boundary condition used here is two sides are fixed and the other
two sides are simply supported. For the linear behavior of the polymer, a linear finite
element program is achieved with the aid of FORTRAN power station program. The results
of the FEM, theoretical and the experimental were compared. A good accuracy has been
observed between the FEM, theoretical and the experimental work. In general the
deflection behavior depends on the creep compliance. Increasing thickness results in
decreasing the deflection, this decreasing depend on the value of thickness increasing. The
deflection rate decrease during time for polyester, which depend on the creep function. The
increasing in the plate dimensions ratio results in increasing the plate surface deflection
for both plates (polyester and composite polyester plate). A composite plate shows a small
increasing in the deflection during increasing the plate dimension ratio as comparing with
that of polyester.
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1. Introduction
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The increasing use of polymers in engineering design is largely due to their high
strength to weight ratio and to their corrosion resistance ™. Viscoelastic materials experience
both viscous and elastic phenomena as the name viscoelastic implies. There are some
phenomena which are common to many viscoelastic materials [, as illustrated in Fig.(1).
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Figure (1) Phenomena common to many viscoelastic materials @

(@) Instantaneous elasticity.

(b) Creeps under constant stress.

(c) Stress relaxation under constant strain.
(d) Instantaneous recovery.

(e) Delayed recovery.

(f) Permanent set.

Most material exhibit linear or nearly linear behavior under small stress levels ! .One of
the most distinguishing features of viscoelastic materials is their response to so called a
constant stresses (creep test). The creep test consists of measuring the time dependent strain
resulting from the application of steady uni-axial stress as illustrated in Fig.(2).
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Figure (2) Creep strain at various stresses

These three curves are the strain measured at three different stress levels, each one twice
the magnitude of the previous one (such that: 63=262=4c1).

Note that in Fig.(2) that when the stress is doubled, the resulting strain is doubled over
its full range of time.

2. Theory of Linear Viscoelasticity

The response of viscoelastic material is called as a linear if the following condition is
occurred 1:

€(A0) = AE(0) cevrerurenerrureeeerernrneeeeersaseeserssasassssssasnssssssasnssssssasnsos 1)

The ratio of strain to stress is called the compliance and in the case of time-varying
strain, arising from a constant stress the ratio is the creep compliance, D(t):

DY (3 e oo )

The stress-strain time relation of viscoelastic material has been analyzed with the aid of
mechanical models where the stress and strain are used instead of force and deformation of
model 1. All linear viscoelastic models are made up of linear springs and linear viscoelastic
dashpot. In the linear springs shown in Fig.(3a), the following relations can be written:

where:
R: linear spring constant or young modulus.
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The spring element exhibit instantaneous elasticity and instantaneous recovery as shown
in Fig.(3b). A linear dashpot element is shown in Fig.(3c) where:

de

5 Tl S M€ veveeeevereeeesesesessasesesasessssasessssasasesensssesesessesssssasesens 4)
n =

where:

g :strain rate during time
n: coefficient of viscoelasticity.
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Figure (3) Behavior of linear spring and linear dashpot

Dashpot will be deformed continuously at constant rate when it subjected to a step of
constant stress as shown in Fig.(3d).

The Burgers model is shown in Fig.(4a) where the Maxwell and Kelvin model are
connected in series 2. The total strain can be written as follows:

e=¢gl+e2+¢3

in which:
€: total strain in burgers four-element model.
el: the strain in spring for maxwell model.
€2: the strain in dashpot for maxwell model.
€3: the strain in kelvin model.
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Figure (4) Behavior of a burger model
That is:
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From Egs.(6-8), may obtained the following second order differential equation between
stress and strain:

1 1 2 in2 -
+(n i L A%y 6+ bl c="leg+
Rl R2 R2 R1R2 R2

The Laplace transformation method is used in solving the differential equations (9) to
illustrate the creep behavior as follows:
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g(t)= 00 4 004, 60 _o~R2U/n2,
RlI n1 R2
The material constant R1, R2, n1, n2 can be determined from the experimental data for
creep test in linear viscoelasticity behavior. The stress relaxation behavior of the Burger
model for a step of strain can be obtained from Eq.(9) as follows !:

o(t) =‘C‘X°[(q1—q2r1)e_rlt QL= G2r2)e™ 2 e, (11)
where:
oPl=A i wt m2y L, M2 (12)
2p2 R1 R2 R2 R1R2
pl+A 1nin2
r2= ,Jl=nl 02 = o e eaees 13
. OL=ml02="0 (13)
A = ADLZ D2 oo e et et e et e et e et e et e et e e ateetearenneeaans (14)
Creep compliance can be obtained from Eq.(10) as:
=80 - L L L Ry e, (15)
co R1 m1 R2
If the material behavior is linear, the stress can be represented by:
O(1) =0 E(L) cerniriiiiiiiiiiiiiiii (16)
E(f) =0(1)/ g0 ereeerrenrenieniiniiiiiiiiiiiiiiiiiiriiececeieaeeaeaeneen 7)

The function E(t) thus obtained and called the relaxation modulus. the equation of
relaxation modulus can be obtained using Egs.(11,17) as follows:

E(t)=o(t)/gg= %[(ql— q2r1)e_rlt -(gl- q2r2)e_r2t]

Plate can be considered as thin when its thickness is about fifteen times smaller than the
shortest span length.

109



Journal of Engineering and Development, Vol. 11, No. 1, March (2007) ISSN 1813-7822

3. Theoretical Plate Deflection

The solution of the equilibrium differential equation for bending two opposite side
simply supported and other clamped Fig.(5), can be written as follows ©:

4qa4 ® 1 amtanham + 2 2yam 1 2y . 2yam_ . max
W=|—¢ —5(1— cosh + —sin )sin
x°D m=1,35,....m 2cosham b 2cosham b b a
. mnx
st a om-tanham(l+amtanham) | | (19)
2qa4 m5 cosham am — tanham(amtanham —1)
——— >
7°D M=1,35\
m m m
—nysinh—ny —amtanham cosh—ny
a a a

where:

w: the plate deflection(mm) .

g: the distributed load (N/mm”2).

a, b: plate dimensions.

D: the flexural rigidity of plate, given by:
D= E'[3 and am = m_ﬂ:b

2 2a
12(1-v%)

Hence, the modulus of elasticity (E), can be represented here in the form of function of
time as in Eq.(18).
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Figure (5) Rectangular plate with two opposite edges simply supported
and the other two edges fixed
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4. Finite Element Approach for Linear Thin Viscoelastic Plate

Linear viscoelastic plate equations analysis has been derived to formulate an approach
model in (FEM) depending on standard element stiffness derived from ®. In general, the
program gives the following data for each node:

1. The deflection (w) and the slopes (0x, 0y).
2. The strains (ex, gy, [1yXxy).
3. The stresses (oX,[ oy, TXY).

The following system of equilibrium equation for FEM has been used:

(I[B]T[D] [BldA ){u}— [GOGY)INIA = 0 v (20)

where the element stiffness [K]e is given by:

[KJp = J[[B] T IDIIBIXAY +.veveererererererereeeeerereseseseseeesesesesesessasenenas (1)

The matrix [K] for each element has been formulated from ["®! and the vector of the
equivalent nodal force {f}e is:

{Flo = JTAOGYIINIOA L.ttt (22)

Thus, the equilibrium for plate element can be expressed in the concise form:

{fle =[KIe{UJe cverreereerreereeeeteete ettt e (23)
3 1 v 0
[D]=L2 VoL 0 | eereereeeeeeereeeee et sre s nnesae e (24)
120-v)1g 0 0501-v)

where:
[B]: strain matrix.

The element deformed shape can be approximated with a suitable set of shape functions
Ni (X,y):

w(X,y) = % Ni (O Y)UE = INKUY e e (25)

A rectangular four node element of plate (ijkl) coinciding with (xy) planes is used with
three degree of freedom for each node (w, 0x, 0y) ,where the total degree of freedom for each
element is (12 degree of freedom), Fig.(6). At each node displacements (an) are introduced
and defined by (for node i):
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The strain can be found according to the following formula:
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Figure (6) Rectangular plate element

5. Linear Viscoelasticity Computer Program

In this software the stress, strain, deflection and the rotations about the x-axis and y-axis
have been determined for each time step according to the stress relation function, E(t). The
program has been done for thin plate analysis for linear viscoelasticity. The program contains

the following subroutine written in FORTRAN power station language:

1. Data subroutine: the required input data can be classified as:

+ Stress relaxation function constants Eq.(18)
+ Plate element dimensions: A, B, thickness (see Fig.(6)).

+ Poisson’s ratio v.

+ Mesh data: number of nodes, elements and the DOF.
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+ Element number and its nodes sequence.
+ Boundary conditions.

+ Node numbers and its Cartesian (X, y).
+ Time to be read and write result.

2. Loading subroutine: the job of this subroutine is to assemble the element nodal force
evaluated from equation (23).

3. Stiffness matrix assemble: in this subroutine, the element stiffness (which has been
evaluated from Eq.(21) will be assembled to give the global

stiffness matrix.

4. Reducer subroutine: to reduce the global stiffness matrix by applying the boundary
conditions.

5. Solver subroutine: to solve the system equations to give the nodal deflections (w, 6x, 0y).

6. Displacement subroutine: in this subroutine the output data (w, 6x, 0y) has been written
in the output data file.

7. Stress subroutine: the strain (ex, gy, yxy) which has been evaluated from Eq.(27) has been
written in the data file as well as for each node at each time the stress
result written here. The Fortran power station has been done with the
aid of (1,

Figure (7) shows the block diagram of this program subroutine.
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Program FEVIS I
Input data I
Loading I

Loop for each time

Assemble KG I

Reduce system of equations

] L

Solver

Printw, 0x,0y

Print ex, ey, yxy
and o X,oY,TXY

Figure (7) Block diagram for linear viscoelatcity thin plate
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6. Experimental Work

Polyester specimen has been prepared by mixing two liquid substances. The procedure
used to achieve the creep test is by reading the instantaneous deformation of specimen from
the movement of dial gage pointer step by step with (mm) unit during the subsequence time.
The compliance equation has been evaluated according to Burger four element equation (15).
The final creep result for compliance equation can be written as follows:

D(t)=3.566e-3+(1.0767e-6).t+9.535e-4.(1-EXP(-0.02123.1)) ...cceurenenee. (28)
According to Eq.(18) the relaxation formula can be written as:

E(t)=220.EXP(-rL.t) + 60.3.EXP(-T2.8) ceveverrererereerereerereeeereseenenenn (29)

The same above procedure has been done for composite polyester specimen with
volume fraction (Vf=0.3). Figure (8) shows a schematic graph of standard creep test
specimen (.

The creep compliance has the following function:

D(t)=1.09e-3+(1.3687€-5).t+1.835€-3.(1-EXP(-0.127.1)) +eevvevemeennnen. (30)
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Figure (8) Standard creep test specimen
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Figure (9) and Fig.(10) show the graph of function Eq.(28) and Eq.(30) respectively.
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Figure (9) Creep compliance for linear viscoelastic polyester
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Figure (10) Creep compliance for linear composite viscoelastic polyester
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The secondary experimental tests, which include the deflection of thin plate for linear
tests, will be compared with both theoretical, finite element proposed models. The equipment
shown in Fig.(11) has been used to carry the experimental tests for the plates. The plate has
been mounted on the stand of the equipment and the distributed load is applied by steel plate
from which the value of the distributed load is calculated. For linear behavior the value of (q)
must be choose so as to give the condition that the behavior of plate will be as linear
(g=8N/mm~2). This value is tested at temperature (T=15°C.). The linear behavior of polyester
plate has been done for three different thickness (t=2, 3, 4mm) such that the plate is thin. The
first two sides of plate were fixed and the other two sides were simply supported Fig.(5).

The deflection of plate has been record by dial gauge equipment and can be recorded by
digital equipment with a strain gauge assembly but this method is cost.

Distributed load

Connected rod i fixtures

Base of
_ equipement
Dial gauge
assembly K
- —
.
Foundation

Figure (11) Plate deflection test equipment assembly
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7. Result and Discussion

The result of the experimental work will be explained and discuss. The comparison
included the thickness variation, variation the plate dimensions. The plate dimension ratio
(a/b) has been used here for three values (a/b= 0.5, 0.75, 1).

The central deflection of plates has been analyzed for both polyester and composite
polyester thin plates. The results have been shown in Figs.(12-17). The comparison explained
three types of thickness so as to ensure the thin condition of plate, say, (t=2,3,4mm). The
values of central point of thin plates deflection has been tested for nearly three hours.

The deflection (w) is chosen for a maximum value of variation at the center point of
plate (the mid distance of length and width). This is due to the symmetry of the tested plate
(two opposite side fixed and the other two side simply supported); hence, the slope of the
deflection will be zero at the middle point which give the maximum deflection.

The constant applied distributed load (q) give a constant stresses at each node which
results in increasing the strain in the plate (as in creep test for this material). Consequently,
the deflection of plate increase with time for each thickness as it has been observed in
Figs.(12-17).

A small difference has been observed for the deflection behavior between the FEM and
the theoretical analysis with error percentage reaches a range (3-5%). This difference between
the calculated data represents the error between the two materials. This error may reduce by
increasing the number of elements used for thin plate in the FEM or increasing the number of
node for each element which required another element type with a large number of total
degree of freedom (more than 12 degree).

Increasing the thickness of plate results in increasing the central deflection for the same
time period .This result is due to the fact that the deflection equation (19) depends on the
flexural rigidity of plate which depends on the thickness of plate.

The central deflection of plate decrease higher as increasing the thickness from (t=2mm)
to (3, 4 mm) and this is due to the fact that the flexural rigidity depend on the cubic value of
thickness.

Also increasing thickness will reduce the applied stress and strain in the plane of the
plate and consequently the deflection of plate will be reduced.

Higher stress with small thickness (t=2mm) gives a higher deflection rate as comparing with
small stress (3, 4 mm).

From Figs.(12-17), comparing the results of experimental central deflection with that of
the theoretical and FEM gives good agreements with small error. Normally, this error may
presented for this type of equipment of plate deflection measurements and this error may
reduce by replace the mechanical dial gauge equipment by a digital equipment to increase the
instantaneous response for reading the deflection of plate.

Due to the stiffer creeps compliance for composite material as comparing with that of
polyester this results that the composite plate shows a small increasing in the deflection
during increasing the plate dimension ratio as comparing with that of polyester.
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Figure (12) Variation of central point deflection with thickness for linear
polyester (q= 8N/mm*2), (a/b)=0.5
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Figure (13) Variation of central point deflection with thickness for linear
polyester (q= 8N/mm*2), (a/b)=0.75
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Figure (14) Variation of central point deflection with thickness for linear
polyester (q= 8N/mm*2), (a/b)= 1

3
+ FEM t=2mm
— A Theory
o Experimental
2
w (mm) —
1 I
t=3mm
t=4mm
R AL B R B
0 50 100 150 200 250

Time (minute)

Figure (15) Variation of central point deflection with thickness for linear
composite polyester (g= 8N/mm#*2), (a/b)= 0.5
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Figure (16) Variation of central point deflection with thickness for linear
composite polyester (g= 8N/mm+*2), (alb)=0.75
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Figure (17) Variation of central point deflection with thickness for linear
composite polyester (g= 8N/mm#*2), (a/b)=1
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8. Conclusions

From the present work, the following conclusions may be listed:

1. The creep compliance behavior of polyester and composite polyester shows that the
viscoelastic material affected by time and hence the strain increase during time.

2. The creep behavior differs as comparing between the polyester and composite polyester.

3. The creep rate for polyester decrease during time and the same behavior has been shown
for composite polyester during the first short time.

4. Nearly a constant strain rate was observed for the wide time range.

5. A good accuracy has been shown for FEM, theoretical and experimental work for thin plate
polyester and composite polyester. Hence the error percentage reaches a value (3-5%) as
comparing between the FEM and the analytical.

6. In general, increasing the plate thickness gives a decreasing in the value of the central plate.

7. The deflection rate decrease during time.

8. A composite plate shows a small increasing in the deflection during increasing the plate
dimension ratio as comparing with that of polyester.

9. References

1. John D. Ferry, ""Viscoelastic Properties of Polymers™, John Wiley & Sons, 1980.

2. William N. Findley, James S Lai, and Kasif Onaran, 'Creep and Relaxation of Nonlinear
Viscoelastic Material**, North-Holland Publishing, 1976.

3. N. G., McCrum, C. P., Buckleg, and C. R., Bucknall, "Principle of Polymer
Engineering', Second Edition, Oxford Science Publishing, 2001.

4. David A. Dillard, ""Phenomenological Viscoelasticity of Polymers™, Virginia Tech,
Blacksburg, VA 1992-1999.

5. Stephen P. Timoshenko, and S. Woinowsky-Kvierger, ""Theory of Plates and Shells™,
McGraw Hill Inc., 1985.

6. Darly L. Llogana, ""A First Course in the Finite Element Method"*, Wadsworth Group.
2002.

7. O. C., Zienkiewics, ""The Finite Element Method", McGraw Hill Book Company (UK)
Limited, 1977.

8. James Doyle, "'Finite Element Methods"*, John Wiley & Sons Ltd., 2004.

9. D. R. J., Owen, and E. Hinton, "Finite Elements in Plasticity", Redwood Burn limited,
Trowbridge, 1980.

10. Imad Ahmed Hussein, ""Finite Element of Linear Viscoelastic Solid™, 1% National
Conference of Mechanical Engineering, Kuffa University, 2000.

11. Standard Creep Test ASTM-D29.

122



