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Abstract 
 

The turbulent buoyancy induced flow and heat transfer characteristics inside U-
shaped enclosure has been numerically documented. Fully elliptic Navier-Stockes and 
energy equations are solved using control volume based finite volume method with a 
staggered grid arrangements. A computer program using SIMPLEC algorithm is developed 
to handle the problem of interest. The effect of Rayleigh number and aspect ratio on the 
studied parameters are examined. The problem is simulated for Ra up to 1016 and aspect 
ratio of (0.25, 0.35 and 0.5). The k-є model is engaged with the flow equations to model the 
turbulence while the wall function method is used to model the regions near the walls. The 
present results show that the aspect ratio and Ra have a significant effect on the flow and 
thermal characteristics. The rate of heat transfer is increased with the decrease of  aspect 
ratio and increase with Ra. A multi cellular flow has been obtained at decreasing the aspect 
ratio for Ra up to 1012.     
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1. Introduction 
 

Turbulent natural convection heat transfer in an enclosed enclosures acquired noticeable 
interest of the researchers in recent years. The importance of this case arises from the 
importance of the buoyancy induced flows in multiple engineering applications such as 
energy transfer in building, double glazing unit, solar collectors and natural circulation in the 
atmosphere. In other hand, in the increasing development of the new technologies, a complex 
shaped enclosures have been encountered in a diverse engineering applications including 
under ground cables, cooling systems of micro-electronic devices and electrical equipments. 
So additional research is needed to understand the flow behavior and heat transfer in these 
enclosures. Devahl & Johns[1] and Saitoh[2] investigated the natural convection in 
differentially heated rectangular cavities. They considered the effect of Ra and aspect ratio on 
the flow and thermal characteristics. References [3]to [8] reviewed the multiple experimental 
and computational studies on the laminar and turbulent natural convection heat transfer in the 
enclosed enclosures. Dol and Hanjalic[9] used a low Reynolds number k-є and second 
moment closure (SMC) model to the turbulent natural convection heat transfer inside a cubic 
enclosure. The studied Ra was up to 1010. The k-є model gave a better performance in the 
regions away from the corners and vice versa. The turbulent buoyancy flow in a 2D enclosure 
was investigated by Omri and Galanis [10]. They adopted a standard k-є model and three 
different near wall treatments. The results were validated against experimental results of Tian 
and karayiannis [11]. Also Betts and Bokhari [12] examined the turbulent natural convection 
in a tall differentially heated rectangular cavity. They measured experimentally the mean and 
turbulence quantities of the velocity and temperature inside the cavity.  

 
 In the present paper, a computational study is performed to predict the turbulent natural 

convection inside a U-shaped enclosure as shown in Fig.1. The working fluid was air and Pr 
is fixed to be 0.72. Three different values of aspect ratios (0.25, 0.35, 0.5) are tested for Ra up 
to 1016. As shown in Fig1., The enclosure is differentially heated and the left ,bottom and the 
right walls have higher temperature than the opposite internal walls. Because of symmetry 
one section of the enclosure has been considered. In the subsequent sections, the results are 
introduced in the form of isotherm and  streamlines contours plots besides to the graphs of 
local and average Nusselt number variation against the studied parameters.  
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2. Mathematical Formulation 
 

The molecular transport properties of the air are assumed to be constant. The density of 
air is considered constant except in the buoyancy term of the momentum equation where a 
linear dependence on temperature is presented. Thus the governing equations associated with 
a k-є model are introduced as follows[13]: 
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The stream function ψ is obtain by solving the following Poisson equation with the boundary 
condition ψ = 0 at all the solid walls. 

Fig.1 problem definition and coordinates system.  
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The turbulent kinetic energy and the rate of its dissipation for two dimensional buoyancy 
turbulent flow has been introduced  including additional term of kinetic energy generation by 
buoyancy [14]. 
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the eddy dynamic viscosity is obtained by the Prandtl-Kolmogorov hypothesis 
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the model coefficients are (  σk   ;σЄ ; C1є ; C2є ;  Cµ) = (1.0 , 1.3 , 1.44 , 1.92, 0.09 ) respectively 
[13] 
 
 
 

2-1 Boundary conditions. 
  
 The wall function approach [15] is incorporated to model the near wall regions. In order to 
solve the mathematical model, the following boundary conditions are introduced. 
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 The local Nusselt number on the horizontal hot wall is 
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3. Numerical method 
 

The coupled elliptic governing partial differential equations associated with the 
turbulence quantities are discretized using the finite volume method. This gives a system  of 
algebraic equations. The solution of these equations is accomplished through a semi-implicit 
line by line Guass elimination scheme. Non uniform grids in all directions are adopted[16]. A 
computer program is developed to get the results using the pressure velocity coupling 
(SIMPLEC algorithm)[15]. Due to this inherent strong coupling and non-linearity in these 
equations, relaxation factors are needed to ensure the convergence. The relaxation factors 
used for velocity components, pressure, energy and turbulence quantities are 0.4, 0.5, 0.45, 
0.7 respectively. These relaxation factors have been adjusted for each case studied in order to 
accelerate the convergence. The adopted non-uniform grids are finer near the solid walls 
where steep gradients of the dependent variable are more important. In general the 
computational grids are staggered for vector variables and not staggered for the scalar one. 
For 1010≤Ra , the number of the used grids is 31×31 and for Ra≤1210  is  61×61. The 
following criterion should be achieved to get the convergence for all the considered 
dependent variables. 

  Max ( ) ( ) 51 10,, −− ≤− jiji kk φφ . 

 

4. Results and Discussion  
 

A computational study has been conducted to investigate the turbulent natural 
convection inside U-shaped enclosure for different aspect ratios and Ra. 
 

The effect of Rayleigh number ( Ra = 108, 1010, 1012, 1014, 1016) on stream function 
distribution for A = 0.5 is shown in Fig.2. As the Figure shows, there is a counter rotating cell 
when Ra = 108 . This cell is close to the vertical part of the enclosure rather than the 
horizontal one. When Ra increase, the size and location of this cell is changed. Also it can be 
seen that the cell is elongated at High Rayleigh numbers(1012, 1014, 1016 ). besides, the 
position of this counter rotating cell is to be closure to the left bottom corner at high Rayleigh 
numbers. It is observed that there is a secondary flow just behind the right corner. This is 
confirmed at Figure 5 where the flow is detached from the right corner forming a small re-
circulating zone. When the aspect ratio is decreased to 0.35, a multi cellular flow is observed. 
This situation can be seen in Fig.3. At Ra = 108 , there is three counter rotating cells one at the 
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vertical part and the remaining at the horizontal part. However, the counter rotating cell at the 
upper part is larger. This is confirmed at Fig.5.b. It is evident that the hot fluid rises along the 
left hot wall and then deflects along the upper wall forming a re-circulating flow in the two 
parts of the enclosure. There is a semi-stagnant re-circulating zones and there is no small re-
circulating secondary flows near the symmetry axis. When Ra increase to 1010 , the three re-
circulating vortices decomposes to two recalculating vortices with a larger size. At Ra = 1012, 
the resulting two re-circulating vortices are elongated and fill nearly a large zone compared 
with the mentioned two case, Also there is a secondary re-circulating flow just behind the 
upper corner. This confirmed through Fig.5.e. This elongation is enhanced at Ra = 1014 but at  
Ra = 1016, the two elongated vortices are changed to one elongated vorticity. The stream 
function distribution for A =0.25 at the considered Ra is exhibited at Fig.4. It can be seen that 
the multi cellular flow is extended to Ra up to Ra = 1012 compared with the previous cases 
(A=0.25 and A=0.35). However at Ra = 1012, one of the formed counter rotating vortices has a 
small size and located at the right corner. The size and position of the resulting vortices are 
different from the previous cases up to 1012. At Ra = 1014 to Ra = 1016, the same general 
behavior is found compared with the other studied cases because when the aspect ratio 
decrease, the flow hits the upper wall faster. This confirmed through Fig.5. c. and f. where the 
resulting flow behavior is demonstrated. As Fig.5. shows, at Ra = 1012, the detached re-
circulating flow has large and strong zone compared with the previous studied cases. Also it 
can be seen from Fig.5(a,b,c) at Ra = 108 , the aspect ratio has a significant effect on the flow 
behavior. This situation is extended to (d, e, f) at Ra = 1012. and this dominant for all the 
studied Ra. The temperature distribution for different Ra and A = 0.5 is depicted in Fig.6. As 
the Figure shows  at Ra = 108, the heat is transferred from hot walls to the cold one through a 
working fluid(air) by convection. The hot re-circulating flow hits the upper portion of the 
enclosure. The resulting thermo-convective motion is slow and the left corner has high 
temperature. This confirmed at Fig.12 for Nusselt number variation along the hot wall. When 
Ra increase, the heat begins to penetrating to the second part of the enclosure because the 
increase in Ra increase the buoyancy force and that leads to increase the rate of heat transfer. 
This can be  demonstrated at Fig.9. (a) and (b). The lower left corner exhibits low values of 
Nu and hence low heat transfer. The local Nusselt number increase with the increase of Ra. 
However the position of maximum and minimum values of Nu is changed with Ra. Fig.7. 
shows the temperature distribution for different Ra and A= 0.35. It is evident that the thermo-
convective currents are increased, consequently, the rate of heat transfer is increased. Also the 
rate of heat transfer is increased with the increase of Ra.It can be seen that for 108 and at the 
lower part of the second portion of the enclosure, there is a faster motion of the fluid to the 
opposite upper part. The heat transfer is significantly increased with the increase of Ra. This 
behavior is extended to A=0.25 where higher rate of heat transfer is obtained because when 
the aspect ratio (A) decrease, the hot fluid hits opposite side faster and then reattached and 
consequently increase the exchange of heat transfer. The average Nusselt number variation 
with Ra for the considered aspect ratios is depicted in Fig.10. It can be seen that the Nuav is 
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linearly increased with the increase of the Ra up to 1012 and the aspect ratio has a little effect. 
At Ra= 1012 to Ra= 1016, the Nuav is increased with the increase of Ra and the aspect ratio 
(A) has a large effect. The variation of Nuav with aspect ratio(A) is shown in fig.11 for 
different Ra. It can be seen that the Nuav is increased with the decrease of aspect ratio for 
every specified Ra because the smaller aspect ratio permits speedy exchange of heat transfer. 
The comparison of Nu variation of the vertical hot wall for the considered aspect ratios is 
described in Fig.12. As it is mentioned, the local Nusselt number increases with decreasing 
the aspect ratio at Ra = 108 , for Ra > 108, this situation is the same, but at upper left hot wall 
there is some deviation. Also Fig.13 shows the variation of Nu on the horizontal hot wall for 
different values of  aspect ratios at Ra = 108  and Ra = 1012. In (a), one can be seen that the 
position of higher and lower values of Nu is changed with the aspect ratio variation. This is a 
dominant for all the studied cases as shown in ( b). The validation of the present code is 
completed through testing the code with the problem of turbulent natural convection in a 
square enclosure and then compare the results with published one as shown in fig.14. It can be 
seen that there is a good agreement has been obtained. 
 
  

5. Conclusions 
 
 Two dimension turbulent buoyancy induced flow inside U-shaped enclosure has been 
numerically reported. From the presented results, the following remarks can be summarized. 
  

 The rate of heat transfer is enhanced with decreasing the value of aspect ratio. 
 The lower values of aspect ratio show a counter rotating multi cellular flow pattern 

and the higher values show a unicellular one. 
 The rate of heat transfer is increased with the increase of Rayleigh number. 
 For all the considered aspect ratios, the location and positions of counter rotating 

cells depends on the values of Ra. 
 The left hot corner has a lower values of local Nusselt number and hence a lower 

heat transfer. 
 The average heat transfer is increased with the decrease  of aspect ratio.  
 The position of maximum and minimum values of Nu along vertical and 

horizontal hot walls is shifted depending of the values of Ra and A.  
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Nomenclature 
 
A                   aspect ratio (w/H), - 
G                  generation term, kg/m.sec3  
GB                generation term by buoyancy, kg/sec2 
H                  height of the enclosure, m 
k                   turbulent kinetic energy, m2/s2 
L                  length of the enclosure, m 
Nu               local Nusselt number, - 
Nuav           average Nusselt number, - 
Pr                Prandtl number, - 

Ra                  Rayleigh number 






 −
αµ

β ch TTHg (3

,- 

 w                   the distance between two walls, m 
 TC                  cold wall temperature, Ċ  
 TH                  hot wall temperature, Ċ 
 X,Y               dimensionless Cartesian coordinates (x, y)/H, - 
 
Greak symbols 
є             turbulance dissipation rate, m2/s3 
µ                dynamic viscosity, N.s/m2 
µt               turbulent viscosity, N.s/m2 

tν                      eddy dynamic viscosity, m2/s  

effµ           effective turbulent viscosity, N.s/m2 

effΓ           effective exchange coefficient, kg/m.s 

σk   ;σЄ      turbulent schmidt numbers, - 
φ              constant property, -  
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a. Ra = 108 b. Ra = 1010 

c. Ra = 1012 d. Ra = 1014 

e. Ra = 1016 

Fig.2. stream function distribution for 
A= 0.5 

a. Ra=108 b. Ra=1010 c. Ra=1012
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d. Ra = 1014 e. Ra = 1016 

Fig.3. stream function distribution for A= 0.35 

a. Ra = 108 

b. Ra = 1010

c. Ra = 1012 d. Ra = 1014

e. Ra = 1016 
Fig.4. stream function distribution for A= 0.25 



Journal of Engineering and Development, Vol. 13, No. 3, September (2009)       ISSN 1813-7822 
 
 

 24

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a. A=0.5, Ra=10E8 d. A=0.5, Ra=10E12

b. A=0.35, Ra=10E8 e. A=0.35, Ra=10E12

c. A=0.25, Ra=10E8 f. A=0.25, Ra=10E12

Fig.5 effect of aspect ratio on the computed velocity vectors 
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a. Ra=108 

c. Ra=1012 

e. Ra=1016 

d. Ra=1014 

Fig6. isotherm contours for A = 0.5 

b. Ra=1010 

a. Ra =108 b. Ra =1010 c. Ra =1012 



Journal of Engineering and Development, Vol. 13, No. 3, September (2009)       ISSN 1813-7822 
 
 

 26

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d. Ra=1014 e. Ra=1016 

Fig.7. isotherm contours for A = 0.35  

a. Ra=108 
b. Ra=1010

c. Ra=1012 d. Ra=1014

e. Ra=1016 
Fig.8. isotherm contours for A = 0.25 
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Fig.12 comparison of the Nu at the vertical hot wall for the considered aspect ratios 
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Fig. 13 comparison of the Nu at the horizontal hot wall for the considered aspect ratios 

   Fig.14 comparison between the present and published results 
for isotherm contours at Ra=10E12 

a. present results b. published results[7]


