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Abstract

Natural convection in two-dimensional square enclosure is studied numerically using
a finite difference method. In the present study, top wall is considered adiabatic, two
vertical walls are maintained at constant low temperature, the bottom wall is maintained at
constant high temperature and the non-heated parts of the bottom wall are considered
adiabatic. The aim of this work is to determine the influence of the position of a small
heating source located on the bottom wall of a square enclosure (aspect ratio=1) filled with
air (Pr=0.71) on the natural convection flow. Three different positions are analyzed ,on the
left side (6=0.1) ,on the center(6=0.5) and on the right side (6=0.9). The dimensionless of
the heat source length (S) is taken equal to (0.2). The three dimensional differential
conservation equations of mass, momentum and energy are solved by a finite difference
method for Rayleigh number varying from 10° to 10°. Results are presented in the form of
streamline and isotherm plots as well as the variation of the Nusselt number at the heat
source surface under different conditions. The average Nusselt number and flow behavior
are symmetrical for both cases, when heat source located on the left extreme and right
extreme of the bottom wall. The average Nusselt number for the extremes (left and right) is
higher than the central position for (Ra<10°) because the heat source is adjacent to the cold
vertical wall. The average Nusselt number for the central position is higher than the
extremes ( left and right) for (Ra>10°)because the vortexes rotation of the air in the center
of the bottom wall is greater than extremes .The local Nusselt number is very high at the
edges of the heat source and reduces towards the center.

Keywords: Natural convection, rectangular enclosure, finite difference method, Nusselt
number.
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Nomenclature

Cp specific heat at constant pressure, Ws/K kg

Gr Grashof number

g gravitational acceleration, m/s

h heat transfer coefficient, W/m? K

k thermal conductivity, W/m K

L enclosure width = enclosure height, m
Nu local Nusselt number = hL/k

Pr Prandtl number, cp p/k

Ra Rayleigh number = Gr.Pr

S heater length, m
T temperature, K
u,v velocity components in the x and y direction, m/s

uVv dimensionless velocity components
X,y space coordinates in cartesian system

XY dimensionless cartesian coordinates

Greek Symbols

B Coefficient of volumetric thermal expansion, K.™
) dimensionless position of the heat source
0 dimensionless temperature

M dynamic viscosity, kg/ms

v kinematic viscosity, m?/s

p density kg /m®

1} non-dimensional stream function

® non-dimensional vorticity
Subscripts

C cold surface

h hot surface
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INTRODUCTION

Natural convection in a closed square cavity has occupied the center stage in many
fundamental heat transfer analysis which is of prime importance in certain technological
applications. In fact, buoyancy-driven convection in a sealed cavity with differentially heated
isothermal walls is a prototype of many industrial application such as operation and safety of
nuclear reactors, convective heat transfer associated with boilers, solar energy system, cooling
of the electronic circuits [1], ventilation of buildings[2] ,solar ponds and solar
collectors[3,4,5].

The importance of free convection heat transfer phenomena taking place in enclosures is
recognized by the abundant research works reviewed by Ostrach[6] and Yang[7].Two
dimensional natural convection in a differentially heated square enclosure has been solved
numerically by de Vahl Davis[8], Markatos[9] and Barakos[10], their solutions agree well for
the region of laminar flow, Ra < 10°.

However, in most of these studies, one vertical wall of the enclosure is cooled and
another one heated while the remaining top and bottom walls are well insulated. November
and Nansteel [11] and Valencia and Frederick [12] have shown a specific interest to focus on
a natural convection within a rectangular enclosure where in a bottom heating and/or a top
cooling are involved. Studies on natural convection in rectangular enclosures heated from
below and cooled along a single side or both sides have been carried out by Ganzarolli and
Milanez [13]. Later, the case of heating from one side and cooling from the top has been
analyzed by Aydin et al. [14] who investigated the influence of aspect ratio for air-filled
rectangular enclosures. Also, Kirkpatrick and Bohn [15] examined experimentally the case of
high Rayleigh number natural convection in a water-filled cubical enclosure heated
simultaneously from below and from the side. Recently, Corcione [16] has studied natural
convection in an air-filled rectangular enclosure heated from below and cooled from above for
a variety of thermal boundary conditions at the side walls. Numerical results were reported for
several values of both width-to-height aspect ratio of the enclosure and Rayleigh number.

Aydin el al. [17] simulated numerically the natural convective heat transfer of air in a
square cavity cooled from the side walls and heated by a strip placed at the center of the
bottom wall. Nibarufata et al. [18] analyzed numerically the natural convection in partitioned
enclosures with a localized heating from below. Ramos and Milanez's [19] treated the natural
convection in cavities heated from below by a thermal source, which dissipated energy at a
constant rate.

The aim of this work is to determinate the influence of the position of a small heating
source located in the bottom of a square cavity filled with air (Pr=0.71) on the natural
convection heat transfer and fluid circulation. Three different positions are analyzed , on the
left side of the bottom wall (6=0.1) , on the center (6=0.5) and on the right ( 6=0.9).
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The length of the heat source ( S) is taken equal to( 0.2 ) for Rayleigh number varying
from( (10° ) to (10°)and for the case when top wall is considered adiabatic, two vertical walls
are maintained at constant low temperature, the heating source which located on the bottom
wall is maintained at constant high temperature and the non-heated parts of the bottom wall
are considered adiabatic.
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Fig.(1) Schematic of enclosure configuration

1. Mathematical Model

The configuration of interest for the present study is shown in figure (1).
Two dimensional square enclosure with aside of length (L) and adiabatic top wall. The left
and right vertical walls maintained at constant low temperature. The bottom wall has a
flush strip heater of constant temperature, which is located on three different locations , at
(6=0.1), (6=0.5) and ( 6=0.9 ) which measured from the origin as shown in fig.(1)
Natural convection is governed by the differential equations expressing conservation of mass,
momentum and energy. The present flow is considered unsteady, laminar, incompressible and
two-dimensional. The viscous dissipation term in the energy equation is neglected.

The Boussinesq approximation is invoked for the fluid properties to relate density
changes to temperature changes, and to couple in this way the temperature field to the flow
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field. Then the governing equations for unsteady natural convection can be expressed in form
as:

— +—=0 1

x 'y (1)
2 2
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With boundary conditions:
u(x,0)=u(x,H)=u(0,y)=u(L,y) =0
v(x,0) =v(x,H)=v(0,y)=v(L,y) =0

ﬂ:0—>O<x<5—E and 5+§<X<L
oy 2 2

T=T,> 6-—<x<d+>
2 2

Where(x) and (v) are the distances measured along the horizontal and vertical

directions, respectively;( u) and( v) are the velocity components in the x- and y-directions,
respectively;(T )denotes the temperature;(v)and (o) are Kinematic viscosity and thermal
diffusivity, respectively; (p) is the pressure and (p) is the density; (Ty )and (Tc )are the
temperatures at hot bottom wall and cold vertical walls, respectively; (L) is the width of the
enclosure ;( S) is the length of the heat source ; (&) is the horizontal distance from origin to

center of the heated strip.
Using the following dimensionless parameters according to ref.[18] :

2
x=2  vy=Y y=pY v=p¥ p-P b
H H a a yolo4 H
N _ 3
49=T T, , Gr:gﬁ(-rW ZT”)H , Ra=Gr.Pr
TW_Tw v

the governing equations (1)—(4) reduce to non-dimensional form:

VY 5
oX oY

2, 2
U,y P L0 Y ®
or oX oY oX oX® oY
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Eliminating the pressure gradient terms in Eqgs. (6) and( 7) by cross partial

differentiation and introducing the vorticity function:

) ©
oX oY
The equation of vorticity will be:
2 2
a_m+a(u@)+a(va))zpr 0 a;+6 az) +Gr.Pr.% (10)
or  oX oY oX< oY oX
And the equation of energy will be:
2 2
%+8(U6’)+8(\/9)=86;+862? (11)
or  oX oY oX*® oY
By using the definition of stream function:
oy
V=-—"— 12
X (12)
and
oy
U=-=- 13
v (13)
The equation of vorticity will be:
oy Oy
—w="7 4 14
oX? ov? (14)
The boundary condition will be
2—5 =0—->0<X< 5—% and 5+% <X<L ( nonheated parts of the bottom
wall)
00
a—Y:0—>Y:H and 0<X<L (Top wall)
S S .
0=1— 5_E<X <5+§ (Heating source)
U=V=y=0—> X=0and 0<Y<H (Left vertical wall)
U=V=y¢y=0—-> Y=0and 0<X<L (Bottom wall)
U=V=y=0—> X=L and O0<Y<H (Right vertical wall)
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U=V=y=0-> Y=H and 0<X<L (Top wall)

(At the bottom wall)

by series expansions for stream function on the bottom wall the boundary vorticty will be:

a)| _ (_8W|i,1 +l//|i,2)
0 2(AY)?

Numerical solution

The equations are solved numerically using finite difference method with a regular
Cartesian space grid. Suppose that all quantities (6, ; .., ;,.w;;) are known at time (nAt)to

find the temperature and vorticity values at the interior grid points in the next time level
(n+1)At .For this, forward difference approximation is used for time derivative and central
difference approximations are used for all spatial derivatives. The method of successive over
relaxation (SOR) is then used in conjunction with the newly computed temperatures (6, ; .,)

and vorticities (@, ; ,,,) to solve the stream function equation for the new improved stream

n+l

function (']

time level are computed using the central difference approximations to
u-%
oY
And

v=_9%
oX
This procedure is repeated at each time step. The boundary vorticities at the solid walls
can be derived considering Taylor’s series expansions for stream function in the vicinity of
the walls. This computational cycle is repeated till steady state solution is obtained, that is,

when the following convergence criteria:
|IE]:'._,".."! - IEI;‘,_I-',_v!_1| =< 1078

for temperature, vorticity and stream function is met

). After finding the stream function, the values of (U) and (V) at the current

Evaluation of Nusselt number
The local heat transfer rate along the heated section of the wall is obtained from the heat
balance that gives an expression for the local Nusselt number as:

00
Nu=—a—Y|Y:0 , X <X <X,
Where X, = _3 , x2=5+§
2 2
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The average value for Nusselt number is defined by:
X2
. j_% |Y—o dXx
X, =Xy g OY 7
four different grid densities 21 x 21, 31 x 31, 41 x 41 and 51x51The minimum value of the
stream function of the primary vortex (., ) is commonly used as a sensitivity measure of the

Nu =

accuracy of the solution. Quantity ( ., ) is selected as the monitoring variable for the grid
independence study. Comparison of ( w,.,,) values among four different cases suggests that

the two grid distributions 41x41 and 51 x 51 gives nearly identical results. Considering both
the accuracy and the computational time, the following calculations were all performed with a
41x41 grid.

Results and Discussion

The working fluid is chosen as air with Prandtl number, Pr = 0.71. The normalized
length of the constant heat source at the bottom wall( S) is taken to (0.2) and the Rayleigh
number (Ra) is varied from ( 10° ) to (10°) .In order to validate the numerical model, the
results are compared with those reported by Aydin and Yang[17], for (Ra = 10° to 10°%) (S =
0.2). In figure ( 2 ), a comparison of the average Nusselt number of the heat source located in
the middle of the bottom wall is presented. The agreement is found to be acceptable which
validates the present computations indirectly.
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5 05 e (S=0.2) Present work
= 0
1000 10000 100000 1000000

RayleicghNumber, Ra

Fig.(2) Comparison between present work and Aydin — Yang[17] when the
heating source located on the center position of the bottom wall

1. Effect of Rayleigh Numbers:
1.1. Heating source in the center of the bottom wall (6= 0.5):

The evolution of the flow and thermal fields with Rayleigh number for an enclosure of a
representative case with dimensionless heat source length ( S= 0.2) and (8=0.5)is presented in
Figures(3 to 6) . For various (Ra = 103-10°), the flow pattern is characterized by two
symmetrical rolls with clockwise and anti- clockwise rotations inside the enclosure.
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The hot fluid rises in the central region as a result of buoyancy forces, and then it
descends downwards along the vertical walls and turns horizontally to the central region after
hitting the bottom wall. The flow then rises along the vertical symmetry axis and gets blocked
at the adiabatic top wall, which turns the flow horizontally towards the cold vertical walls.
Thus a pair of counter rotating circulation cells is formed in the flow domain.

At (Ra = 10%, as can be expected, heat transfer from the discrete heat source is
essentially dissipated via a conduction-dominated mechanism as indicated by the isotherm
pattern shown in Fig.(3)

For (Ra = 10%, the buoyant convection flow in the central region between the rolls
distorts the isotherms field. The distortion of the isotherm field increases with enhanced
buoyancy as (Ra) increases, where the heat transfer becomes increasingly convection
dominated as seen in Fig.(4) the circulation near the central regimes are stronger and
consequently, the temperature contour starts getting shifted towards the side wall and they
break into two symmetric contour lines .The presence of significant convection is also
exhibited in other temperature contours lines which start getting deformed and pushed
towards the top wall.

As Rayleigh number increases to(10°), the buoyancy driven circulation inside the cavity
also increases as seen from Fig. (5). The circulations are faster near the center and slower near
the wall due to no slip boundary conditions. The faster circulation in each half of the cavity
follows a progressive wrapping around the centers of rotation, and a more pronounced
compression of the isotherms toward the boundary surfaces of the enclosures occur.
Consequently, at Ra = 10°, the temperature gradients near both the bottom and side walls tend
to be significant leading to the development of a thermal boundary layer. Due to greater
circulations near the central core at the top half of the enclosure, there are small gradients in
temperature whereas a large stratification zone of temperature is observed at the vertical
symmetry line due to stagnation of flow.

With increase of (Ra) to (10° ) a transformation from a primarily two symmetrical rolls
pattern to a structure characterized by two large vortices near the central regions, moving
towards upper wall. Therefore, the prevailing conductive heat transfer for (Ra= 10°%) and the
mushroom profile of the isotherms for (Ra = 10°) are presented in Fig. (6). Also viscous
forces are more dominant than the buoyancy forces at lower (Ra). At higher (Ra) when the
intensity of convection increases significantly, the core of the circulating rolls moves up and
the isotherm patterns changes significantly indicating that the convection is the dominating
heat transfer mechanism in the enclosure

1.2 Heating source in the left or right of the bottom wall (6= 0.1 and & = 0.9):

It is found that the results are symmetrical for both cases, when the heat source located
on the left extreme position (6 = 0.1) or on the right extreme position (¢ = 0.9) of the bottom
wall.
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At (Ra = 10%, as can be expected, heat transfer from the discrete heat source is
essentially dissipated via a conduction-dominated mechanism as indicated by the isotherm
pattern shown in Fig. (7)(left) and Fig.(8)(right).

In the first case when the heat source is located in the center of the bottom wall two
recirculation cell is formed and the solution is symmetric about the vertical midline due to the
symmetry of the problem geometry and boundary conditions. When the heat source located
in the left or in the right of enclosure this symmetry is completely destroyed when the left
recirculating vortex(or right) becomes dominating in the enclosure while the right vortex(or
left) is squeezed thinner and ultimately is divided into two minor corner vortices. This
circulation inside the cavity is greater near the center and least at the wall due to no slip
boundary conditions.

When (Ra) increases (10%-10°), the convection roll located at the left half of the square
enclosure tends to merge in order to form a single large recirculation cell compared to two
minor corner vortices. The isotherms are also adjusted according to the changes in the flow
field and pushed towards the lower part of the right sidewall indicating the presence of a large
temperature gradient there as shown in figures(9-14)

1.3. Heat transfer rates: local and average Nusselt numbers

Next attention is focused upon the influence of discrete heat source location on the heat
transfer rate across the discretely heated enclosure .The variation of the average Nusselt
number, Nu, at the heated surface with Rayleigh number, Ra, for the entire of the heated
surface length (S), is shown in Fig.(15)from which some interesting trends are observed.In
general, the average Nusselt number remains invariant up to a certain value of Rayleigh
number and then increases briskly with increasing Rayleigh number. For low Rayleigh
number, the curves maintain a flat trend that means low temperature gradients but( Nu)
increases rapidly with (Ra)especially for ( Ra >10%because when (Rar > 10%), the
buoyancy aids more and more in the heat transfer process which results in more rapid increase
of (Nu).

In fig.(15) its seen that the average Nusselt number for the case when the heating source
located on the extremes (left and right ) is greater than the average Nusselt number when the
heating

Source located on the center of the bottom wall for the ranges of Rayleigh number
(10°<Ra<10°) because the heating source is adjacent to the cold vertical wall (left and right)
and that cause more heat transfer because the hot fluid looses part of its energy to the cold
section of the vertical wall, but when the (Ra=10°) the Nuseelt number for the center location
(Nu=3.514) is more than left and right (Nu=3.413) (as seen in table (1)) because as (Ra)
increase the two symmetrical vortexes rotation increase the velocity of the air near heater strip
this circulation inside the cavity is greater near the center and least at the wall.
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Fig.( 16 ) shows the effects of (Ra) on the local Nusselt numbers at the bottom wall. The
local Nusselt number (Nu) is very high at the edges of the heat source due to the
discontinuities present in the temperature boundary conditions at the edges and reduces
towards the center of the heat source with the minimum value at the center and also due to the
symmetrical boundary conditions, two symmetric convection cells are generated and their
interface behaves like an insulator. The centre of the heat source surface becomes the
stagnation point of the heat transfer area, and attains the maximum temperature and minimum
heat transfer rate.

0.0 sy

Fig. (3)Contour plots of isotherms and streams line for( Ra=10%*)when heating
source located on the center of the bottom wall

Fig. (4)Contour plots of isotherms and stream lines for( Ra=10*)when heating
source located on the center of the bottom wall
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Fig. (5)Contour plots of isotherms and stream lines for( Ra=10°)when heating

source located in the center of the bottom wall

(@]

Fig. (6)Contour plots of isotherms and stream lines for( Ra=10%)when heating
source located on the center of the bottom wall

Fig. (7)Contour plots of isotherms and stream lines for( Ra=10%*)when heating
source located on the left extreme of the bottom wall
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Fig. (8)Contour plots of isotherms and stream lines for( Ra=10%*)when heating
source located on the right extreme of the bottom wall

0. 0] ——

Fig. (9)Contour plots of isotherms and stream lines for (Ra=10*) when heating
source located on the left extreme of the bottom wall

o
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Fig. (10)Contour plots of isotherms and stream lines for( Ra=10%)when heating
source located on the right extreme of the bottom wall
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o

Fig. (11)Contour plots of isotherms and stream lines for( Ra=10°)when heating
source located on the left extreme of the bottom wall

Fig. (12)Contour plots of isotherms and stream lines for( Ra=10°)when heating
source located on the right extreme of the bottom wall

Fig. (13)Contour plots of isotherms and stream lines for( Ra=10%)when heating
source located on the left extreme of the bottom wall
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Fig. (14)Contour plots of isotherms and stream lines for (Ra=10°%) when heating source
located on the right extreme of the bottom wall
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Fig. (15) Variation of average Nusselt number with Rayleigh number when
heating source located on the extremes (left and right) and on the center of the
bottom wall
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Fig. (16) Variation of local Nusselt number along the heating source surface (s)
when located on the (left, center and right) sides of the bottom wall of the
enclosure for Rayleigh numbers (103-10°)
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Table(1) the values of average Nusselt number for both cases ,when heating
source located on the extremes(left and right) and when located on the center
of the bottom wall

Rayleigh Number | Average Nusselt No./Center | Average Nusselt No./left
position and right position
1000 0.9497 1.838
10000 1.272 1.903
100000 2.103 2.366
1000000 3.514 3.413

Conclusions

In this paper natural convection in an air filled square enclosure with a single flush
discrete heater mounted on a bottom wall is studied. The enclosure consists of top adiabatic
surface, two isothermal vertical walls and a flush isothermal hot strip located on the bottom
wall. The partial differential equations for two dimensional conservation of mass, momentum
and energy are solved based on central second order finite difference method. The solution
scheme is validated by comparison with well established reference solutions. The model is
then used to investigate the effect of hot strip location on both heat transfer and fluid flow
patterns, within the cavity for fixed heater length (s = 0.2 )and different positions,( 6= 0.1, 0.5
and 0.9).From the results its found

1- When the heat source located on the left extreme position or on the right extreme
position of the bottom wall, the average Nusselt number and flow behaviors are
symmetrical because the geometry and the boundary conditions are symmetrical.

2- When (Ra<10°) the average Nusselt number for the extremes (left and right) are higher
than that of central position .

3- When (Ra >10°) the average Nusselt number for the central position is higher than that
for extremes (left and right).

4- The local Nusselt number is very high at the edges of the heat source and reduces
towards the center .
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