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Abstract 

 

Natural convection heat transfer with two-dimensional in a rectangular enclosure is 

examined numerically. The enclosure object with heated left side wall, while the right side 

was cold, the top and bottom walls was adiabatic. The theoretical study involved the 

numerical solution of the Navier-Stokes and energy equations by using finite difference 

method. The stream function– formulation was used in the mathematical model. The 

numerical solution is capable of calculating the velocity, stream function, and vorticity and 

temperature fields of the computational domain. A computer program in (FORTRAN 90) 

was used to carry out the numerical solution.  

Problem has been analyzed and the non-dimensional governing equations are solved using 

finite difference method. Enclosure is assumed to be filled with an air with a Prandtl 

number of 0.71. The problem is analyzed for different values of the Rayleigh number in the 

range from 10
3
 to 10

5,
 aspect ratio parameter (AR: 1, 3, and 5). It is found that for small 

Ra, the heat transfer is dominated by conduction and begins to be dominated by convection 

with increasing Ra, and the Nusselt number Nu decreases with increasing AR due to 

decreasing the volume of the enclosure.In order to validate the numerical model, the results 

of variation local Nusselt number and a relation between average Nusselt number and Ra 

number, are compared with previous works. For square enclosure filled by air (Pr=0.72). 

There are agreement in results and found excellent agreement which validate the present 

computational model.  
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 مغلق مستطيل مع شرط حدي موجي الشكل انتقال الحرارة بالحمل الحر الانسيابي في حيز

 

  المستخلص

 

اجرَج دراست عذدَت لاَخقال انحرارة بانحًم انحر فٍ حُس يسخطُم  يغهق, انجذار انعًىدٌ فٍ انجهت انُسري َخعرض 

َذ  . وقذ عسنج الاسطح انعهُا وانسفهً يٍ انجذار انعًىدٌ فٍ انجهت انًًُُ  َخعرض انً حبر  انً حسخٍُ بًُُا

سخىك وانطاقت بأسخخذاو طرَقت انفروقاث انًحذدة. صُغت دانت -انحُس.انذراست حضًُج انحم انعذدٌ نًعادلاث َاَفُر

الاَسُاب اسخخذيج فٍ انًىدَم انرَاضٍ. انحم انعذدٌ قادر عهً حساب انسرعت, دانت الاَسُاب, انذوايُت ودرجاث 

 نحم انًعادلاث انعذدَت.    (FORTRAN 90)ًجال انحسابٍ. اسخخذو برَايج حاسىبٍ بهغت انحرارة نه

انحُس يًهىء بانهىاء وبرقى  .انًسأنت حى ححهُهها وانًعادلاث انلابعذَت انحاكًت حى حهها بأسخخذاو طرَقت انفروقاث انًحذدة

10. رقى راَهٍ َخغُر بًذي يٍ   0.72براَذل َساوٌ 
10 انً 3

. نقذ وجذ اَه نقُى ((AR: 1, 3, and 5  بت باعُتونُس  5

راَهٍ انصغُرة فأٌ اَخقال انحرارة َكىٌ بانخىصُم واَه َبذأ بانخحىل انً انحًم يع ازدَاد عذد راَهٍ , واٌ عذد َسهج 

لاقت بٍُ يٍ اجم يصذاقُت انحم انعذدٌ, حى يقارَت انُخائج انخٍ انحصىل عهُها يٍ انع َقم يع زَادة انُسبت انباعُت .

 , وقذ اوضحج انُخائج حطابق جُذ. (Pr=0.72)يعذل عذد َسهج وراَهٍ يع بحث سابق, نحُس هىائٍ يربع انشكم ,

 

Nomenclature   

 

The following symbols are used generally throughout the text. Others are defined as and when 

used.  

Symbols Meaning  

AR Aspect ratio   

Cp Specific heat at constant pressure   

Emax Maximum error   

g Gravitational acceleration   

H Enclosure height   

W Enclosure Width  

k Thermal conductivity   

Nu Nusselt number   

Nu  Average Nusselt number  

p pressure  

Pr Prandtl number  

Ra Rayleigh number  

r, r, r, r Relaxation parameter for stream function, 

vorticity, and temperature respectively 

 

T Temperature  

u Velocity component in x-direction  

U Dimensionless Velocity component in x-

direction 

 

v Velocity component in y-direction   

V Dimensionless Velocity component in y-  
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direction 

x, y Cartesian space coordinates  

X,Y  Dimensionless Cartesian space coordinates  

 

Greek Symbol  

 Coefficient of thermal expansion   

 General dependent variable   

 Molecular dynamic viscosity   

 Kinematic viscosity  

 Vorticity   

 Dimensionless vorticity   

 Density of fluid  

 stream function   

 Dimensionless stream function   

 Dimensionless temperature   

Subscript Symbols 

C, H  Related to cold and hot side respectively   

(i,j) Grid nodes in (x,y) direction   
 

 

1.1 Introduction 

 

Natural convection in a closed square cavity has occupied the center stage in many fundamental 

heat transfer analysis which is of prime importance in certain technological applications. In fact, 

buoyancy-driven convection in a sealed cavity with differentially heated isothermal walls is a 

prototype of many industrial applications such as energy efficient design of buildings and rooms, 

operation and safety of nuclear reactors and convective heat transfer associated with boilers. 

Buoyancy driven flows are complex because of essential coupling between the transport properties 

of flow and thermal fields.  

 

1.2 Research Objective 

 

Analyzing heat transfer within the fluid flow is important since it has many applications in 

industries such as energy conservation process, energy storage, meteorology and climatology. 

Numerical simulation plays an important role in these areas because experiments are often 

costly. The objectives of this research are listed below: 

i.Study the phenomena of natural convection inside a two-dimensional enclosure, which is 

differentially heated and cooled from the vertical walls. 

ii.Develop a program based on a finite difference method (FDM) and to validate the applied 

numerical method for the classical two-dimensional square cavity. 
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iii.Investigate Determine the influence of Rayleigh number Ra on the velocity and temperature 

field inside a two-dimensional rectangular enclosure, which is heated and cooled from the 

vertical walls and adiabatic for top and lower walls. 

iv.Investigate the effect of aspect ratio on heat transfer and fluid flow inside a two-dimensional 

rectangular enclosure. 

v.The results will be in form of contours (stream function, and isotherm) and a plot between 

Nusselt number versus Rayleigh number will be done. 

vi.Comparisons with other investigations will be introduced to make sure from the present work 

results. 

 

1.3 Literatures Survey  

 

Natural convection in rectangular enclosure has been studied for many years. In this item, the 

previous related literatures dealt with the subject of the research will be presented. Some of 

studies made a study on laminar natural convection in rectangular enclosure. 

(M. Moghimi, H. Mirgolbabaei, Me. Miansari, Mo. Miansari, 2009) numerical study for 

steady laminar natural convection in air-filled, 2-D rectangular enclosures heated from below 

and cooled from above is for a wide variety of thermal boundary conditions at the sidewalls 

with effects of  aspect ratio of the enclosure in the range between 0.25 and 1, and the Rayleigh 

number based on the cavity height in the range between 1.00e3 and 5.00e5. (G. Gediz Ilis, M. 

Mobedi, B. Sunden , 2008) numerically investigated for entropy generation in rectangular 

cavities with the same area but different aspect ratios. The vertical walls of the cavities are at 

different constant temperatures while the horizontal walls are adiabatic. Heat transfer between 

vertical walls occurs by laminar natural convection. The study is performed for range of 

Rayleigh number Ra 10
2
 to 10

5
and Pr=0.7. (T. Basak, S. Roy, A.R. Balakrishnan 

,2006)investigate numerical study to the steady laminar natural convection flow in a square 

cavity with uniformly and non-uniformly heated bottom wall, and adiabatic top wall 

maintaining constant temperature of cold vertical walls has been performed. The study yields 

consistent performance over a wide range of parameters (Rayleigh number Ra, 10
3
 to 10

5
 and 

Prandtl number Pr, 0.7 to 10. (O. Zeitoun and Mohamed Ali, 2006) studied numerically two-

dimensional laminar natural-convection heat transfer in air around horizontal ducts with 

rectangular and square cross sections. Different aspect ratios are used for wide ranges of 

Rayleigh numbers. (I. E. Sarris, I. Lekakis, and N. S. Vlachos, 2002) investigated numerically 

natural convection in a two-dimensional, rectangular enclosure with sinusoidal temperature 

profiles on the upper wall and adiabatic conditions on the bottom and sidewalls . The applied 

sinusoidal temperature is symmetric with respect to the midplane of the enclosure. Numerical 

calculations are produced for Rayleigh numbers in the range 10
2
 to 10

8
. 
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In this study, natural convection in enclosure with non-uniform heating from the left side wall 

and cold with uniform temperature on the right side wall and adiabatic on the top and bottom. 

The effect of Rayleigh number on the flow patterns and the resulting heat transfer is 

determined. In addition the effect of the enclosure aspect ratio is studied for the value of 

Rayleigh numbers from 10
3
 to 10

5
. 

The numerical technique based on the finite difference method (FDM) is generally applied in 

the computations of a uniform grid size. The results are presented in tabular form of the 

average Nusselt number, Nu  , which represents the rate of heat being transferred. In addition, 

the results are also presented in graphical forms of stream function and isotherms contours, 

which demonstrate the fluid flow and thermal distributions inside the enclosure. 

 

2.1 Mathematical Model 

 

In this research, first give the basic equations of the mass and momentum conservations 

(Navier-Stokes equations) in terms of primitive variables for an incompressible, viscous fluid. 

This formulation contains the velocity and the pressure of the fluid which are the original 

unknowns. The difficulties arise due to the satisfaction of the continuity equation and missing 

pressure equation. Thus, in most of the numerical procedures these equations are transformed 

to stream function-vorticity and velocity-vorticity formulations. A schematic diagram of the 

physical situation is presented in Fig. 1. In this item, the main equations for the laminar 

natural convection through two-dimensional enclosure with appropriate boundary conditions. 

   

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Fig.1. Schematic diagram of the physical configuration and boundary 

conditions. 
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Following assumptions have been made: two-dimensional problem, there is no viscous 

dissipation, the gravity acts in the vertical direction, the fluid properties are constant and 

radiation heat exchange was assumed negligible. At steady state conditions using above 

assumption, the governing equations as given below (Diaz and Winston, 2008):  

 

Continuity equation:  

 

 1                                                                                                               0









y

v

x

u
 

 

x-momentum equation: 

  

 2                                                                          
2

2

2

2





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


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y-momentum equation:  

 

   3                                                     
2

2

2

2
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y

v

x

v

x

p

y

v
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x

v
u 






















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







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Energy equation  

 

 4                                                                               
Pr 2

2

2

2





























y

T

x

T

y

T
v

x

T
u


 

 

The governing equations are transformed into dimensionless forms under the following non-

dimensional variables (T. Basak, S. Roy, A.R. Balakrishnan ,2006): 

 

 5                                                                                          
H

y
=Y,   

Y
=

uH
 =U






 

 

 6                                                                                         
H

x
=X,   

X
-=

vH
 =U






 

 

 
 7                               GrPr      Ra ; 

k

C
Pr ;

Wg
Gr ,

p

2

3
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
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









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C TT
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In terms of these variables, the stream function, vorticity and energy equations respectively 

becomes 

 

 8                                                                                                         
2

2

2

2



















YX
 

 

 9                                                        Pr
2

2

2

2

X
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YXYXXY 


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 10                                                                           
2
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
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
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2.2 Boundary Conditions 

 

The boundary conditions of velocity and temperature fields are shown in Fig .1 presented as 

(Oosthuizen and Naylor, 1999):  

 

 
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The rate of heat transfer is expressed in terms of local Nusselt number, Nu, at the heated 

section as follows: 

 

 12                                                                                           10   ;       
0X





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

Y
X
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

 

 

The average Nusselt number, hNu
, is defined by: 

 13                                                                                                                
1

0
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L
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3.1 Numerical Solution 

   

The method of numerical solution taken is the central finite difference scheme technique for 

convert the partial differential equation to an algebraic which can be solved numerically. The 

energy equation is a nonlinear partial differential equation, which has (convection terms) on 

the left hand side of the eq. 10 and (diffusion term) on the right hand side. To covert the 

convection and diffusion terms to algebraic terms, central difference scheme will be used, as 

below (Tannehill   et al. 

 

 (1997))
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This can be rearranged to give: 
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Similarity, the finite difference form of the vorticity transport equation, i.e., eq. 9, gives: 
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This can be rearranged to give:  
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the finite difference form of the equation relating the dimensionless stream function, i.e., eq. 

8, is: 
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3.2 Solution Procedure 

  

The governing dimensionless differential equations are discretized to a finite difference form 

is used. The computational scheme, based on Successive Over Relaxation, SOR, is arranged 

to solve the three equations for the nth iteration step. The initial values over the field for θ, ω 

and ψ are assumed zero to all internal nodes are taken as initial starting values. Over-

relaxation is actually used so the "updated" values of i,j are actually taken as: 
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Where the subscripts i and j refer to a grid node,  is a general dependent variable (θ, ω, or ψ).  

The relaxation parameters, θ = ω = 1 and ψ = 1.6 give stable numerical computation Ra ≤ 

10
4
.  

The criterion for convergence is examined according to a realistic condition for each state 

variable at each node as: 
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Where the subscripts i and j refer to a grid node,  is a general dependent variable (θ, ω, or ψ) 

and Emax is a small quantity of error set to 10
-5

 for Ra ≤ 10
5
. 

A computer program in (Fortran 90) was built to execute the numerical algorithm which is 

mentioned above; it is general for a natural convection in two-dimensional annular enclosure. 

   

5. Result and Discussions: 

 

5.1 Numerical Results Verification 

 

In order to validate the numerical model, the results of variation local Nusselt number and a 

relation between average Nusselt number and Ra number, are compared with previous works. 

For square enclosure filled by air (Pr=0.72) the results are compared with (Lo et al. 2007). 
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There are agreement in results and found excellent agreement which validate the present 

computational model as shown in Figs (2) and (3).  

Numerical simulations are performed for Pr = 0.72 (air is the working fluid) and different 

values of both the Rayleigh number in the range 103 Ra 105, the aspect ratio of the cavity 

in 1 AR 5, in order to point out the influence of Ra and AR upon the flow structure type 

and the temperature distributions throughout the cavity, sample local results are reported in 

terms of isotherms and streamlines. In all the isotherm plots, the contour lines correspond to 

equispaced values of the dimensionless temperature è in the range between 0 and 1. In all the 

streamline plots, the contour lines correspond to equispaced absolute values of the normalized 

dimensionless stream function in the range between 0 and 1. The temperature distribution and 

the flow field due to buoyancy-forces in a rectangular enclosure filled with air with the 

temperature distribution of the left wall varying sinusoidally has been analyzed numerically 

for different values of the aspect ratio AR, Rayleigh number Ra . 

 

5.2 Isotherms and Streamlines 

 

Results for isotherms, streamlines and vorticity are presented with effect of Rayleigh number 

(Ra=103, 104, 105) and AR=1.0 are shown in fig.(4) to show the effect of the Rayleigh 

number Ra on the free convection flow. It is seen that the streamline contours exhibit 

circulation patterns, which are characterized by the three vortices. The fluid motion, as it is 

driven by the effect of the buoyancy, is distributed from the heated part of the right side wall 

through the inside of the enclosure. Two small cells were formed in the upper and bottom 

corners in clockwise and counterclockwise rotating direction, respectively. However, a huge 

main cell was formed with its center located almost in the middle of the enclosure, as shown 

in Fig.4 (b). The center of the cell moves towards the right upper corner with increasing of Ra 

(Fig.4 (b)). The range of Rayleigh numbers 103 to 104, the circulation patterns in the 

enclosure are very weak because the viscous forces are dominating over the buoyant forces. 

The flow strength increases with increasing of Ra and it can be seen from the values of the 

stream function on the streamline. The length and locations of the small cells become almost 

the same when the values of the Rayleigh number are changed. Isotherms show an almost 

symmetrical distribution for low Rayleigh number due to domination of conduction mode of 

heat transfer. It can be seen from the isotherm contours the temperature fronts penetrate from 

the right side wall deep inside the fluid body, as conduction is the main heat transfer 

mechanism in this case. With increasing Rayleigh number, at approximately Ra =105, the 

isotherms start to concentrate near the right side wall, indicating that the advection mode of 

the heat transfer begins to dominate over conduction. 

Figs (5,6)shows the flow field and temperature distribution at different values of (AR=3,5) 

respectively when (Ra=103,104,105), it can be seen that with increasing aspect ratio, number 
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of vorticity will be increased. For instance, when (AR=3), we see three vorticities, and when 

(AR=5), we see five vorticities which are circulating in the opposite directions. It can be seen 

that with increasing aspect ratio, there are more possibility of appearance of more columns of 

cold and hot air which causes more vorticity.  

 

5.3 Temperature and velocity distribution 

 

The temperature distribution in the middle plane of the enclosure, shown in Fig.(8), is quite 

helpful in assessing the penetration depth of the temperature boundary layer formed on the 

right wall of the enclosure. In particular, for every Rayleigh number studied, the 

dimensionless temperature takes the value of 1 at the right of the middle plane of the 

enclosure and then decreases with increasing distances from the right wall. Conduction and 

convection are the two antagonistic mechanisms depending on the specific value of Rayleigh 

number. In the case of the lower Rayleigh number of 103, the middle-plane temperature Ymp 

reaches an asymptotic value in the core region of the enclosure that corresponds to the heat 

transfer by pure conduction. The increase in the Ra number causes a decrease in the 

asymptotic value of the middle-plane temperature in the core region, as a consequence of the 

dominance of convective heat transfer. In this last case, the thermal boundary layer becomes 

thinner, indicating that the heat transfer takes place in the region near the right wall without 

much penetration into the main fluid body.  

Fig.(9) show the relation between the component velocity(u) with the dimensionless distance 

(Y) in the middle plane of the enclosure, with effect of aspect ratio (AR=1,3,5), it can see that 

this component take sine wave shape   and this waving increase with increase the aspect ratio, 

on other hand the u-component magnitude increase with increase Rayleigh number (Ra). 

Fig.(10) show the relation between the component velocity(v) with the dimensionless distance 

(X) in the middle plane of the enclosure, with effect of aspect ratio (AR=1,3,5), it can see that 

this component variation from positive to negative value and take a (0) value at (X=0),   and 

its magnitude increase with increase the aspect ratio, on other hand the v-component 

magnitude increase with increase Rayleigh number (Ra). 

 

5.4 The Variation of Nusselt Number 

 

Results of the local Nusselt number Nu are presented in Fig. 7 (a) to (c), shows the effect of 

Ra on the variation of the local Nusselt number with the coordinate Y. It is seen that Nu is 

positive when the heat is transferred into the enclosure and negative when it is transferred 

from the enclosure to the environment. The maximum value of Nu increases with increasing 

the Rayleigh number in both positive and negative regions due to the increase of the effect of 

convection mode of heat transfer, and we can obtain the effect of AR on Nu, the effect of AR 
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is very small, but Nu decreases with increasing AR due to decreasing the volume of the 

enclosure. However AR shows small variation of Nu. On the contrary, Nu increases with 

decreasing of AR due to low volume of the enclosure. 

 

6. Conclusions 

 

In this research natural convection in (air, Pr=0.72) filled rectangular enclosure, the enclosure 

consist of top and bottom adiabatic surfaces, two isotherm vertical walls, non-uniform 

temperature distribution on the hot right wall, uniform temperature distribution on the cold 

right wall. The partial differential equations for two dimensional in stream-vorticity form and 

energy equation are solved based on central finite difference scheme. The solution scheme is 

validated by comparison with last research, where the agreement was excellent, and we can 

take the following conclusions that found from the results of the present work: 

1- For small Ra, the heat transfer is dominated by conduction across the fluid layers, and the 

process begins to be dominated by convection with increasing Ra. 

2- When the AR=1, there are appear main cell with two eddy cell, but when increasing aspect 

ratio, number of vorticity will be increased. For instance, when (AR=3), we see three 

vorticities, and when (AR=5), we see five vorticities which are circulating in the opposite 

directions.  

3- The local Nusselt number Nu is positive when the heat is transferred into the enclosure and 

negative when it is transferred from the enclosure. 

4- The maximum value of Nu increases with increasing the Rayleigh number in both positive 

and negative regions due to the increase of the effect of convection mode of heat transfer. 

5- Nusselt number Nu decreases with increasing AR due to decreasing the volume of the 

enclosure. 
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Fig4. Isotherms; streamlines and vorticity contours of non-uniform heated 

left wall, uniform cold right wall and adiabatic top and bottom walls inside 

rectangular enclosure with aspect ratio (AR=1). 
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Fig. (8) Temperature distribution on the dimensionless distance Y with effect 

of aspect ratio (AR=1, 3, 5) ; (a) Ra=103, (b) Ra=104, (c) Ra=105. 
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Fig. (9) Velocity distribution (u) on the dimensionless distance Y with effect 

of aspect ratio (AR=1, 3, 5) ; (a) Ra=103, (b) Ra=104, (c) Ra=105. 
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Fig. (10) Velocity distribution (v) on the dimensionless distance X with 

effect of aspect ratio (AR=1, 3, 5) ; (a) Ra=103, (b) Ra=104, (c) Ra=105. 
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