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Abstract 

 

This paper presents the finite element method to analyze the problems of earth-retaining 

structures in nonlinear partially saturated soil. The finite element formulation of the 

incremental Biot’s theory (1941) of consolidation is presented. This formulation is extended 

to represent the nonlinear time dependent behavior of earth-retaining structures in 

partially saturated soil. Also the concept of the thin layer element is incorporated to 

simulate the behavior at the interfaces between the soil and retaining structures. The finite 

element method is applied to analyze the construction of real braced excavation in soft clay. 

The results obtained are compared to the observed field results. Good agreement is obtained 

and the numerical method proved how can be used it for analyzing related geotechnical 

problems involving consolidation and support systems in nonlinear partially saturated soil. 

 

 الملخص 

 
ْذا انبحث يقذو طزيقت انعُاصز انًحذدة في ححهيم انًُشأث الارضيت انساَذة في انخزب انلاخطيت ٔانًشبعت انجزئيا. حى 

نلاَضًاو ٔقذ حى حٕسيع ْذا انخطبيق نيًثم انخصزف انزيُي انلاخطي  (1491) حطبيق ْذِ انطزيقت عهى َظزيت بايٕث

ًشبعت جزئيا. اٌ فكزة انعُصز انطبقي انزفيع قذ اسخخذيج نخًثم انخصزف انًخذاخم نهًُشأث الارضيت انساَذة في انخزب ان

بيٍ انخزبت ٔانًُشأث انساَذة. حى اسخخذاو طزيقت انعُاصز انًحذدة في ححهيم حفز يسُذ ٔاقعي في انخزبت انطيُيت ٔقذ حى 

بيٍ انُخائج كًا حبيٍ اٌ  ا  جيذ ا  اثبخج اٌ ُْانك حطابقيقارَت انُخائج انخي حى انحصٕل عهيٓا يع انُخائج انٕاقعيت ْٔذِ انًقارَت 

انطزيقت انعذديت يًكٍ اسخخذايٓا في ححهيم يسائم انجيٕحكُيك انًشابّ ٔانًخضًُت يسائم الاَضًاو ٔالاَظًت انساَذة في 

 انخزب انلاخطيت ٔانًشبعت جزئيا.
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1. Introduction 

 

The simulation of supported excavation by the finite element method is considered from the 

complex problems. Numerous procedures have been proposed for implementing the idea to 

simulate excavation using finite element method. This idea can be achieved by dividing the 

total excavation into a number of sequences. In the program it is assumed that after each 

sequence, the exposed surface can be treated as "stress free". In other words, normal stresses 

to the exposed surface are zero. Most researchers simulate the excavation in the finite element 

method using the linear or nonlinear elastic model because this model is simple in the 

application. In this paper the modified Cam clay model (Atkinson and Bransby (1978)) has 

been used to present soil model also the interface element between the structure and the soil 

which was proposed by Desai et al. (1984)
 
was used to give more realistic results for a 

represented case. The finite element formulations of Biot's theory of consolidation Biot 

(1941) was used and extended by Small (2000) to include the problems of partially saturated 

soil in the case of high degrees of saturation at which the pore air pressure and pore water 

pressure are  approximately equal. This formula of partially saturated soil was used because it 

is simple while the other formulations are very complex and need additional parameters from 

the laboratory test to be applied.  

 

2. Modified Cam Clay Model 

 

The stress space of this model can be represented in a three dimensional stress-specific 

volume space called the state boundary surface (S.B.S), as shown in Figure (1) (Konstantinos 

(2003)). Inside and on this surface a point representing the state of stress must lie. 

 

 

Figure (1): State boundary surface for modified Cam clay model. 

(after Konstantinos (2003)) 
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In critical state theory the virgin compression, swelling and recompression lines are assumed 

to be straight in (ln(p'),v) plots with slopes (-λ and - ) respectively, as shown in Figure (2) 

(Britto and Gunn (1987)). The equation of the isotropic virgin compression line is given as: 

 pλlnNv 
  
........ (1) 

where v is a specific volume, N is a constant for a particular soil and equal to v when ln(p
'
)=0, 

i.e. p
'
=1, the value of N is given by the equation shown below: 

   2lnλN  Γ  …….. (2)                                       

where Γ  represents the specific volume of soil on the critical state line p
'
=1kN/m

2
. 

 

                           )pln(   

Figure (2): Identical (lnp',v) plot in critical state theory (after Britto and Gunn 

(1987)) 

 

If the sample of soil is subjected to isotropic compression stress, the point in v-ln(p) plane 

moves on the virgin compression line (λ-line), and if the load is removed, the point will be 

moved on the swelling line ( -line). The equation of the  -line is given as:  

          

 plnvv     …….. (3)                                                                                

The initial state of the soil in a (p
'
, q) plot is  o,p c

  and when the sample of soil is subjected 

to a load in the standard triaxial test, soil is sheared and a point moves in the (p', v, q) space. 

The route from initial point to the point at the end applied is called effective stress path. 

The mean stress at the critical state is calculated from (Britto and Gunn (1987)): 

 

22

c Mpqpp 
 
 …….. (4)                                                                          

Slope -λ 

 

Slope- 

  

v 
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   N 
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2

p
p c

cs        …….. (5)                                                                                       

where M is a model parameter and Cp  is the isotropic yield stress. The volume at the initial 

stress and at the critical state is calculated from: 

 

   occo ppklnpλlnNv    …….. (6)                                                       

csv Γ   cspλln   …….. (7) 

                                                                           

3. Excavation in Modified Cam Clay  

 

In contrast to linear analyses, the evolution of stresses in nonlinear analysis requires the 

numerical integration of the equilibrium equations over a finite time increment (Borja et al. 

(1989)). 

    twtw EXTINT   …… (8) 

where  

 
  
tΩINT dΩζwtw  .... (9)  

represents the internal virtual work and 

 
    

tΓtΩEXT
T

TdΓwbdΩwtw  …. (10) 

represents the external virtual work. 

Where: Ω is the problem domain, T surface traction and ΓT is the boundary problem. 

The constitutive equation for a nonlinear analysis is of the form: 

 n1n

k

n

k

1n ε,εδζζ       …. (11)                                                                      

where ζn and εn are the converged stress and strain vectors of the previous time step, 

respectively, and δ
k
 is the incremental stress function consistent with a given stress integration 

algorithm. The expression of nonlinear moduli obtained by taking the variation: 
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    ……. (12)     
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4. Governing Equations for Fully and Partially Saturated Soils. 

 

The constitutive relationship for saturated and unsaturated soils are assumed to be governed 

by two stress variables; effective stress in the soil  skeleton and pore water pressure because 

the  pore  water  pressures  and  pore  air pressures  are  generally  fairly  close  to each  other  

for high degrees of saturation. This degree of saturation depends on the type of soil. 

The complete behavior of the two phase skeleton - fluid state in fully saturated soils is 

governed by this equation (Lewis et al. (1976)): 

 


























 (t)Δt.H.p

ΔtdF

dp

du

t.H0.5L

LK
nn

n

T
........ (13)                      

In partially saturated soils, a theoretical relationship between pore water pressure and degree 

of saturation was proposed by Lowe and Johnson (1960) 

0.0097p0.98

0.98S0.0099p
S οr

r



    …….. (14) 

Where rS  is the degree of saturation at a pore water pressure p in kPa. 
οr

S  denotes the degree  

of saturation at zero pore water pressure. 

Therefore the finite element equation becomes:  

                                                            

 


























 (t).pΔt.H

ΔtdF

dp

du

Q0.5Δ.5ΔL

LK
n

s
n

n

s

T

…….. (15) 

It can be shown that the set of Equations (15) which has been developed for partially saturated 

soils has an additional matrix when compared to the set of equations for a saturated soil 

(Equation (13)). Matrix Q represents the change of storage of moisture with respect to change 

in water head (Small (2000)). For identification purposes, Q is called the storage matrix here, 

 

dΩ  N N 
p

S

S

nγ
Q T

pp
r

Ω
r

w




    …….. (16)                                                       

and sH  is the flow matrix which is also a function of degree of saturation.  

dΩ   N  
γ

K
  ).N( 

S

1
H T
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pTT

pΩ
r

s    … (17) 

 



Journal of Engineering and Development, Vol. 16, No.1, March 2012  ISSN 1813- 7822 

37 

 

 

5. Two Dimensional Supported Excavations in Elasto-plastic Soil. 

 

The excavation of a two dimensional opening in a soil where pore pressure dissipation occurs 

is a complex problem with moving drainage boundaries and changing geometry. This 

situation is well suited for analysis by the developed finite element program "EXCCONPSS" 

In this research a finite element program called "EXCCONPSS" is developed by the authors 

to implement the modified Cam clay as a model of the soil and also the behavior of partially 

saturated soil.   

The program is employed to analyze a typical supported excavation problem. The selected 

excavation cross section with excavation sequence and boundary conditions is as shown in 

Figure. (3a-b). The finite element mesh is composed of 225 eight-noded isoparametric soil 

elements, 15 three-noded isoparametric beam elements and one three-noded isoparametric bar 

(truss) element (in the case of supported wall with strut ), the interface elements between the 

soil and the wall are used which depend on Desai et al. (1984)
 
theory. The dimensions of the 

problem are 17 m depth and 50 m width and the dimensions of the excavation zone are 6m 

depth and 11m width. The depth of excavation is divided into six layers and each layer is of 

1m depth and 11m width. 
11 m

6 m

50 m

17 m

Excavation 
zone

 
 (a) Dimensions of the problem. 

 
 (b) Finite element mesh. 

 

Figure (3): Problem details and finite element mesh. 
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The material properties used in the analysis are given in Table (1): 
 

Table (1): The proposed material properties of soil and structure. 

 

 

M
A

T
E

R
IA

L
 

T
Y

P
E

 

 

MATERIAL PROPERTIES 

E 

2kN/m
 

    

3kN/m
 

K  G 

2kN/m  

n M     

 

  Iz 

m/m4

 

Ax 

2m
/m 

Soil 10000 0.3 20.0 0.564 * 0.33 
1.0

2 
0.05 0.26 3.767 _ _ 

Interface 10000 0.3 20.0 0.564 

Small value 

(slip mode) 

=10  

0.33 _ _ _ _ _ _ 

Sheet pile 2x 810  _ _ _ * - _ _ _ _ 1x 410  0.1 

Strut 2x 810  _ _ _ * - _ _ _ _ _ 1 

 

*The value is calculated by the program. 

Where K  is the coefficient of lateral earth pressure, and n is the porosity of the soil. 

Two types of analysis are performed: 

1- Supported excavation without strut. 

In this case of supported excavation, three states of analysis are carried out based on the 

degrees of saturation of the soil. All the results are taken at the end of excavation. The 

coefficient of permeability used in all cases is (1x
410 

m/day) for soft clay, and a rate of 

excavation of 0.15 m/day is used (this rate represents the realistic procedure of the work) to 

remove six layers of the soil. 

In the first state, the soil is considered fully saturated soil (Sr = 100 %) and the analysis is 

based on the Equation (13). In the second and third states, the soil is considered partially 

saturated soil which has degree of saturation equal to (90 and 80 %) respectively. The 

analysis for both states is based on Equation (15). The distribution of the degree of 

saturation in the soil is based on Equation (14). 

From Figure (4) it can be seen, that the state of saturated soil gives maximum wall 

deflection because friction in the soil is small. On the other hand, the state of partially 

saturated soil at degree of saturation (80 %) gives values of wall deflection less than in 

saturated soil especially at the surface because the degree of saturation is low and friction 
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between the soil particles increases because the voids of the soil contain air so that the wall 

deflection is the smallest. Also, it can be seen, that the wall deflection are approximately the 

same for all states (Sr=80, 90 and 100%) in the lower part of the wall. From Figure (5) 

which represents the bending moment of the wall, it can be seen that the bending moment of 

the wall in the state of fully saturated soil is the greater than partially saturated soil because 

the lateral movement of the wall is greater.  
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Figure (4): Lateral movement predicted of the wall for different degrees of 

saturation. 
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Figure (5): Predicted wall bending moment for different degrees of saturation. 

 

Figure (6) represents the vertical surface movement behind the wall. Also, from this figure it 

appears that the settlement of fully saturated soil is greater than partially saturated soil 

because in the state of partially saturated soil, friction between the wall and the soil and 

between the soil particles is the greater and the excess pore water pressure is the smallest. 
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Figure (6): Surface movement predicted of the soil for different degrees of 

saturation. 

 

Figure (7) represents the distribution of the degree of saturation in the soil. It can be seen that 

the degree of saturation increases with pore water pressure. 
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a): Sr = 80 % 
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b): Sr = 90% 

Figure (7): Distribution of degree of saturation in the soil at the end of 

excavation. 

 

 Figure (8) represents the shear stresses generated at the end of excavation. These stresses are 

concentrated beside the wall in these two states but their values are different. The reason is 

that the excess pore water pressure in partially saturated soil is less than fully saturated soil 

which makes the shear stresses are greater. 
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a): S
r =

 100%

 

b): S
r =

 80%

 
 

Figure (8): Predicted shear stresses in the soil at the end of excavation. 

 

Figure (9) represents the deformed shape of the soil at the end of excavation when the degrees 

of saturation are 100% and 80%. All displacements are exaggerated by a factor of 10. From 

this figure it can be seen that the deformation in the case of fully saturated soil larger than 

partially saturated soil. 
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Sr = 100 %

Sr = 80 %  
 

Figure (9): Predicted deformations of the soil at the end of excavation 

(exaggerated by a factor of 10). 

 

2- Supported excavation with strut. 

In this case of supported excavation with the strut, the same dimensions of the problem in the 

first case are used, but in this case the strut is entered at the top of the wall. The analysis is 

carried out for the two states of soil fully saturated and partially saturated soil with degree of 

saturation equal to (80%). From figures (10 a and b), it can be seen that the difference 

between the fully and partially saturated soil is small because the strut prevents the soil 

movement at the surface. This leads to dissipate the effect of partially saturated soil.  

The shear stresses and excess pore water pressure are shown in Figures. (11) and (12), 

respectively. From these two figures, it can be seen that the shear stresses in the state of 

partially saturated soil are the greater and the excess pore water pressure is the smallest 

because of the effect of air within the soil. 
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  (a) Bending moment of the wall.                         (b) Wall deflection. 

 

0 5 10 15 20 25

Horizontal distance from the wall (m)

-14

-12

-10

-8

-6

-4

-2

0

S
e

tt
le

m
e

n
t 

(c
m

)

Sr = 80 %

Sr = 100 %

 

        (c) Surface movement of the soil. 

 

Figure (10): Predicted deformations and bending moment for supported 

excavation with strut. 
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Figure (11): Contours of excess pore water pressure (kPa) in the case of 

supported excavation with strut. 
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a): S
r =

 100 %

b): S
r =

 80 %

 
 

Figure (12): Predicted shear stresses in the soil in the case of supported 

excavation with strut at the end of excavation. 

 

 

6. Supported Excavation in Soft Clay 

 

In this section, the field results of a real supported excavation in fully and partially saturated 

soft clay constructed in Norway and reported by Clausen (1971)
 
which used linear elastic 

model of soil, is analyzed by the developed program (EXCCONPSS) considering that the soil 

is fully and partially saturated obeying nonlinear modified Cam – Clay Model. The sequences 

of excavation and the interface behavior between the soil and retaining structures were 

included in the analysis. Comparisons of the predicted finite element results with field 

measurements at various excavation stages are presented.The soil within the area of 

11.0x11.0m is excavated in eight stages simulated, as shown in Table (2). Figure (13) shows 

the excavation cross section, subsoil profile, excavation sequence and boundary conditions 

(Clausen (1971)). The finite element idealization employed in the analyses, with the 

excavation sequences and boundary conditions which are shown in Figure (14), consists of 

245 elements and 741 nodal points. Plane strain eight-noded isoparametric elements are used 
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for discretizing the soil, and isoparametric bar elements with three nodes are utilized for the 

wall and strut members.The behavior of soil is treated as a nonlinear elasto-plastic material. 

The interface is assumed to be linear elastic with slip mode defined by the Mohr - Coulomb 

criterion .The wall and struts are assumed to be linearly elastic materials. The material 

properties for the soil, interface, wall, and struts are, as listed in Table (3). An iterative 

solution technique taking into account the changes in conditions during various stages of 

excavation and in stresses developed in the soil during the installation of the struts is 

employed.  

 

Table (2): Sequences of real supported excavation in soft clay. 

 

STAGE DETAIL 

1 In-situ stresses, install wall, excavate to -2.8 m. 

2 Install strut A, excavate to -5.0 m. 

3 Install strut B, excavate to -6.0 m. 

4 Install strut C, excavate to -7.0 m. 

5 Excavate to -8.0 m. 

6 Install strut D, excavate to -9.0 m. 

7 Excavate to -10.0 m. 

8 Install strut E, excavate to -11.0 m. 

Wall properties:         E = 2.76E+7 kN/
2m , v 0.33 

Interface properties:  E = 4000 kN/
2m ,       v 0.33,                    G = 1.0 kN/

2m , t = 0.05 m                 

 

Strut properties:         A and D:                      E = 9120 kN/m
2 

,        Area = 1.0 m
2
 

                                   B, C and E:                  E = 45600 kN/
2m ,    Area = 1.0 

2m  

 

Table (3): Material properties of real supported excavation (Clausen (1971)) 

 

 

 Soil Properties   Soil 

Number M     λ  Sr % k 

m/day 
K      

kN/m
3
 

v  E 

kN/m
2 

0.8 2.759 0.062 0.161 100 8E-5 0.65 20.5 19.5 0.4933 8000 1 

0.8 2.759 0.062 0.161 100 8E-5 0.65 20.5 19.5 0.4933 7600 2 

0.8 2.759 0.062 0.161 100 8E-5 0.65 20.5 19.5 0.4933 9000 3 

0.8 2.759 0.062 0.161 100 8E-5 0.65 20.5 19.5 0.4967 5000 4 

0.8 2.759 0.062 0.161 100 8E-5 0.65 20.5 19.5 0.4967 4100 5 

0.8 2.759 0.062 0.161 70 8E-5 0.65 20.5 19.5 0.30 3680 6 
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 (b) Section B-B 

 

Figure (13): Plane view and detail of real supported excavation in soft clay. 

 

 

Figure (14): Finite element mesh for real supported excavation in soft clay. 

 

 

 

11 m 
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7. Comparison Between Field and Numerical Results 

 

As stated previously, the analyses are carried out using the present method to simulate multi-

stage excavation with modified Cam clay model to represent the behavior of fully saturated 

soil and interface element between soil and wall. Thus, the results presented herein include 

comparisons of stresses and deformations for various stages of the construction sequences. 

Figures(15a to d) show comparisons between the computed horizontal stresses (wall 

pressures) the neighboring soil elements and the observed wall pressures at the end of two, 

three, five, and seven stages of the construction sequences. It can be seen, that the computed 

pressures show approximately similar behavior and give good agreement with the field 

observations especially in active pressures. 
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Figure (15): Comparisons of predicted nonlinear analysis and observed wall 

pressures. 
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Figures (16 a and b) show comparisons between two predictions, wall deflection with field 

observations at the end of stages two and seven, respectively. From these figures, a small 

difference between measured and predicted values can be seen and this difference does not 

exceed (2 cm). Figures (17 a and b) show vertical surface movement at two stages.  

Figure (18) shows predicted ranges of maximum wall deflections compared with field 

observations. These results are predicted by analyzing the problem using the present method 

to simulate excavation and modified Cam clay to simulate soil behavior. 
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Figure (16): Comparisons of predicted wall deflection with observed values. 
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Figure (17): Comparisons of predicted surface movement with observed 

values. 
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Figure (18): Comparisons of predicted maximum wall deflection with range of 

measured values. 
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8. Summary and Conclusions 

   

This paper is directed towards studying the effect of elasto-plastic soil behavior in problems 

of supported excavation in different cases of saturation conditions (fully and partially 

saturated soils). The predicted results obtained in this paper show that the degree of saturation 

gives a major affect on the deformations and shear stresses in the soil. Also the comparisons 

between fully and partially saturated soils at degree of saturation 80% prove that the 

maximum lateral wall movements and the vertical surface movement behind the wall decrease 

in the case of partially saturated soil. This is due to the fact that in case of fully saturated soil 

the effective stress is decreases allowing for more deformations. The maximum shear stresses 

seem to be increased because of the increasing in the friction between the soil particles due to 

air voids. Analyses of a realistic supported field excavation in soft clay were presented in this 

paper to verify the results obtaining by using the developed computer program 

“EXCCONPSS”. These analyses were carried out using the finite element method in modified 

Cam – Clay soil and including the effect of the interface behavior between the soil and the 

supporting structure. 

Based on these analyses, it is possible to conclude that, the incremental nonlinear finite 

element method can be powerful in analyzing complex time dependent supported excavations. 

These analyses are based on an incremental modified Cam – Clay model whose parameters 

are determined from the results of standard laboratory tests. The results of these analyses 

proved to be very effective means of investigating complex excavation problems and the 

finite element method can provide more accurate predictions as compared with field 

measurements. 
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