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ABSTRACT:

Recent methods for torsional design of reinforced concrete beams tend to the use of
space truss analogy, instead of the earlier skew bending theory. A total of ( £*) rectangular
beams made of high strength concrete (HSC) that failed under pure torsion are considered
in this work. These have been taken from the literature.

Regression analysis was performed on the results to obtain two representative
equations to predict: cracking torsional moment T¢ and torsional resistance moment Ty.
The first equation is based on (") major parameters that include concrete compressive
strength f°c and sectional dimensions, while the second one is based on (Y) major
parameters which include the quantification of the influence of both transverse and
longitudinal reinforcement.

When the ACI 14M- « ¢ Code design equation was applied, it gave a coefficient of
variation (COV) of (¢ .4) percent for the ratio of tested / calculated torsional strength (Tu-
test/ Tr-calc.), however, the proposed equation has led to a COV of (! !, f) percent.

Keywords: beams; cracking torsional moment; high strength concrete; longitudinal
reinforcement; torsional resistance moment; transverse reinforcement.
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INTRODUCTION:

Use of HSC leads to more economical building structures resulting from small
sections of structural members and large usable floor areas. It also leads to a reduction in
overall building height and dead loads resulting from the use of thinner slabs and shallower
beams [ " " ¢,

Pure torsion only occurs infrequently in practice. Normally, it arises as a combined
action with bending and/or shear. It can become a predominant action in structures such as
eccentrically loaded box beams, curved girders, spandrel beams, structures of irregular
shapes, and spiral staircases [* *1. However, in bridges, torsion constitutes a significant design
action because of eccentric forces. Since large bridge construction is an obvious application of
HSC, an investigation of reinforced HSC beams subjected to pure torsion is of interest. In
Y4114 the then ACI Committee £YA published its report recommending torsional design based
on the skew bending theory [l. The ACI ¥)A Committee used this theory starting from the
YaYY Code ™ which continued up to the Y34A4 Code [, BS-Ae ['*] and BS-1Y [*'] Code
versions also used the same approach.

The most recognized theoretical model of pure torsion in reinforced concrete is the
space truss model. Based on post-doctoral research published by MacGregor and Ghoneim[' ],
the ACI Code in Y43e['"T accepted this model. This is now included in the latest ACI ¥YA-+A
Code '], The Canadian ['*], AASHTO-LRFD '], and European [''] Codes also use space
truss analogy for torsional design.

There are a number of more accurate but more complex design procedures in the
literature, ['* **1 but they are not considered in this work.

RESEARCH SIGNIFICANCE:

This paper provides an evaluation of the design provisions for pure torsion based on
(V) different code approaches: ¥ using skew bending theory (ACI YYAM-AA[] and BS-4VIM));
plus © using space truss analogy (ACI Y)YAM-3a[™1 ACI ¥YAM--o["] Canadian ['°],
AASHTO-LRFD '], and EURO ")), In addition, a number of equations adopted by some
researchers to predict T¢r value are included. A total of (¢Y) tests of torsional failure of tested
beams is used to evaluate the previous (Y) methods. Two proposed equations which are based
on regression analysis are also introduced. The first one estimates the cracking torsional
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moment T¢r of HSC beams, while the second one predicts the torsional resistance moment of
such beams.

EXPERIMENTAL RESULTS:

All available experimental results from test series on pure torsion are obtained from
the literature. The ranges of the variables of these (¢Y) rectangular solid section beams are
listed in Table (}). The main significant parameters are concrete compressive strength 7,
aspect ratio[i—"j, sectional area Acp, nominal stirrup strength pv.fyt, and nominal longitudinal

steel strength p.f,.. These beams include ©, Y+, 'Y, A and A specimens from the references
YY, Y¥, Y£ oand Yo respectively.

Table Y- Ranges of the variables for the ¢Y tested beams.

v
Detail /e (MPa) - Acp (MmY) | pu.fyt (MPa) | pefie (MPa)
LOW i\,vi~ \,i\‘~ S \,V.. Y,/\/\.
High \nﬁ,/\~~ 2,~~~ \VOhnh \/,‘10~ Yi,\/n~
High/Low AFRRE Y,vay £,Yve ¢,Y10 AoV
Where:

f. = cylinder compressive strength of concrete, MPa
X = the shorter side of the cross section, mm

y  =the longer side of the cross section, mm
A, = area enclosed by outside perimeter of concrete cross section, mm’

: . 2A

= stirrups ratio = —+

Py P b.s
fo = specified yield strength of transverse reinforcement, MPa

p, = longitudinal steel ratio = tf‘—;]

f,, = specified yield strength of longitudinal reinforcement, MPa

EVALUATION OF EXPERIMENTAL RESULTS:
Cracking Torsional Moment Equations:

Following are the methods considered in this work to estimate the cracking torsional
moment of the beams:

\. ACI ¥YAM-A4 Code !l method:

Y4
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T, =i Ty 0)

Where:
Ter = cracking torsional moment, N.mm

Y. ACI YYAM-+¢ Code "] method:
A
T, =033,/f/ (P—pj ™)
cp

Where:
Pcp = outside perimeter of concrete cross section, mm.

¥. Canadian-%¢ Code 'l method:

T, =0.44, /1, (’;“—J ()

cp
Where ¢ = +,1

¢ Hsu and Mo’s ['"] method:
A
Tcr =05\/f_c'(_pj (2)
PCp
¢. Koutchoukali and Belarbi’s!°! method:
A
T, =0.46./f [—pj (®)
PCp
. Fang and Shiau’s!™] method:

T, =0.095/f/ x*y ()

Torsion Design Equations:
(V) Methods of existing design codes are included in this study to predict the torsional
resistance moment of the beams. To make comparison between design methods, torsional
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resistance Tr.caic. IS used instead of nominal Tn-caic. throughout (e.g. Tr-cac. = *»A° Th-caic. per
ACI YYAM-A4 Code 'l method).
The design code methods are based on two approaches:
a. Skew Bending Theory:
Torsional strength of beams is composed of two parts: the concrete contribution T
and the reinforcement contribution Ts.

V. ACI ¥YYAM-A4 Code*] method:

f/ XY, f
T catc S Tracit-so 20-85{%2%-3/‘*% w:l (v))

V'

TrcaIcSTrACI48920'85{—2)(2')/4_“( : (V’Y)

15 P,

A, XY, fy[ }
Where:

Tr acit-4¢ = torsional resistance moment provided by concrete and stirrups,
calculated by ACI-A% method, N.mm.

ot = VLYY (/X)) <),0

At = area of one leg of closed stirrup resisting torsion within spacing S,
mm’".

X = shorter centre-to-centre dimension of closed rectangular stirrup, mm.

yi = longer centre-to-centre dimension of closed rectangular stirrup, mm.

S = spacing of transverse torsional reinforcement in direction parallel to

longitudinal reinforcement, mm.

Tr aci-42 = torsional resistance moment provided by concrete and longitudinal
torsion reinforcement, calculated by ACI-A% method, N.mm.

Ae = area of longitudinal reinforcement required for torsion, mm".

Ph = perimeter of centerline of outermost closed transverse torsional
reinforcement, mm.

Y.BS M .-4Y Code "l method:

1.6A .%.y,10.95f
T o< Togs, =0.0375x2 (y—g}\/f_cﬁr AX 3;1( N, (M)
1.6 A .x.y,(0.95f
Tr—caIcSTrBS—/f=0'0375X2(y_§j\/f_‘;+ S yl( W) (/\’Y)
h
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Where it is assumed that f7c = +,A fey,

Trest = torsional resistance moment provided by concrete and stirrups, calculated
by BS-4Y method, N.mm.

TrBs-¢ = torsional resistance moment provided by concrete and longitudinal torsion
reinforcement, calculated by BS-4Y method, N.mm.

b. Space Truss Analogy:

This new method is considerably simpler to understand and apply than the
previous one. It can also be used for prestressed concrete loaded in torsion, a case not
covered by the ACI ¥YAM-AA['] Code. It assumes that the concrete contribution Te=".
In this method, the beam cross section is idealized as a tube. After cracking, the tube is
idealized as s space truss consisting of closed stirrups, longitudinal bars in the corners,
and concrete compression diagonals approximately centered on the stirrups. The
diagonals are at an angle & to the member longitudinal axis.

The most significant difference between the torsion provisions of the ACI Codes
and the AASHTO-LRFD ['1 specifications is the specified value of &. For non
prestressed sections, the ACI Code recommends (¢ °©) degrees, while the AASTHO ['']
provisions permit a value of about (¥7) degrees (based on the longitudinal strain at
mid-span of the section) ["* ™1, The methods adopted this analogy are:

\. ACI ¥YAM-44 Codel"'! method:

[1.7A,.A.f

Tr—caIcSTrACI—t—99=0'85 %} (’-\,\)
[1.7A AT,

Tr—calchrACI—/—9920'85 %} ("(,Y)
L h

Where:
Tracit-4¢ = torsional resistance moment provided by stirrups, calculated by ACI
-44 method, N.mm.
Tr acie-11 = torsional resistance moment provided by longitudinal torsion
reinforcement, calculated by ACI-%4 method, N.mm.
Ao = area enclosed by centerline of outermost closed transverse torsional
reinforcement, mm".

Y. ACI YV\AM-+¢ Code ("'l method:

Yvy
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[1.7A,, A .f
Tr—calc < Tr ACI-t-05 =0.75 %} (\ ' \)
[1.7A A, .f
Tr—calc < Tr ACl—(-05 =0.75 M} (\ ) ’Y)
L P,
Where:
Tr ACit-+2 = torsional resistance moment provided by stirrups, calculated by

ACI-+2 method, N.mm.
Tr aci¢c--o = torsional resistance moment provided by longitudinal torsion
reinforcement, calculated by ACI- -2 method, N.mm.

¥. Canadian-4¢ Code 'l method:

1.7A,.A.f
Tr—calcs TrCan.—t 2085{%} (\ ) ’\)
1.7A . .A.f
Tr—calcS TrCan.—/, 2085|:M:| (\ ) ’Y)
h
Where:
Tr cant = torsional resistance moment provided by stirrups, calculated by

Canadian Code method, N.mm.
Tr can-¢ = torsional resistance moment provided by longitudinal torsion
reinforcement, calculated by Canadian Code method, N.mm.
It can be seen that the Canadian Code ['°1 method is symmetric with the ACI
¥YAM-44 Code ["'] method.

¢, AASHTO-LRFD-%A Bridge Design Specifications ['"l method:

[1.7A A .f ]

Tr—caIcSTrAASHTO—t:0'85 %Cc}tg (\ Vs\)
[1.7A A1 ]

Tr—calc < Tr AASHTO /¢ =0.85 _O.hT;W-tan ‘9_ (‘ Y ’Y)

Where:
Tr aasHTOt = torsional resistance moment provided by stirrups, calculated by
AASHTO method, N.mm.
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Tr aastto-¢ = torsional resistance moment provided by longitudinal torsion
reinforcement, calculated by AASHTO method, N.mm.
0 = angle of inclination of compression diagonals to the member

longitudinal axis, equal to ¥ degrees.

¢, EURO-A Code 'Y method:

Ag A

3 y[.Ph. vt Y

TrEU =1.7 th

Where:
Treu = torsional resistance moment calculated by EURO method, N.mm.

Statistical Evaluation of Existing Methods:

Table (Y) shows the results of the cracking torsional moment of (Y1) specimens (out of
¢Y tested beams- not all the values of T¢r are included in the references). The comparison
between these results and predicted values (Ter-test / Ter-cac.) leads to a range of (+,A£7-),4YY)
for the mean of this ratio. It can be seen that the ACI ¥)YAM-A4 Code [*] method is the one
with the greatest amount (all the Y% specimens) of unacceptable predictions-based on the
value of (Ter-test / Ter-calc.) < Y. The lowest ratio for this code is (+,V V).

In contrast, the ACI Y¥YAM-+°["] Canadian('’], and Fang and Shiaul**] methods lead
to good predictions with no results of the previous ratio < Y, but the ACI ¥YAM-+¢ Codel"']
method seems to be the best due to the lowest values of low and high of the ratio (Tcr-test / Ter-
calc.) among the other two methods. The coefficient of variation (COV) gives a good indication
as a measure of the relevance of the prediction method for the ratio (Ter-test / Ter-caic). It can be
seen that the difference in COV values of all methods is very small (ranging between %,YA-
1, £A percent), therefore this coefficient does not indicate which method is the best.

Table Y- Statistical analysis of the ratio (Tcr-test / Ter-caic.) for Y1 tests.

Detail ACI- | ACI- | Canadianl'® | Reference | Reference | Reference | Proposed
AAL] | Lol ] (N (©) (Yo) Eq. (V¢)
X GAET | Y, g0 Y,47) LAYy Y, Y, ¢A0 y,Yvo
S.D. VY LA A Y v, .90 e R
COV, % | 4,¢va | a,vva 4,vvA 4,7V 4,vvA q,¢vA LR
Low YWY [y, veo Y,0AA AN L AYA y,Yov YV, YA
High AVY | ) ,aTA Y,vo¥ Y, 0 AN Y,\vo VL,V oA V,619
High/Low | Y,¥eA [ ), £VA V,E0A YV, ENA YV, E0A Y,¥oA YV,¥AN
Nun:ber< \l . . YY q . .

Yve
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Table (V) shows the values of the results of the (¢Y) tested beams, compared with the
predicted strength (Tu-test / Tr-caic). The range of the mean of this ratio is (Y,) £€V-),A24), Based
on the value of (Ty-test / Tr-caic) < , the EURO '] method leads to unsafe predictions (¢
specimens). The lowest ratio for this code is (+,¥4¢). On the other hand, the ACI YYAM-+©
Code [ method is the most conservative of the existing methods with only (¢) results with
the previous ratio < Y. From table (¥) it can be seen that the ACI ¥YAM-44[""1 Canadian ['*],
and ACI YYAM-+°["'] Code methods lead to the least relevant prediction with a high COV of
(£Y,AY)Y) percent for each one of them. From this point of view, the best COV is (Y¢,)4Y)
percent for the ACI ¥)YAM-A% Code '] method. The COV values are (¥¥,AYY, Y1,)¥A and
£€),Ye0) percent for BS[''], AASHTO '], and EURO ['*] methods, respectively.

Table Y- Statistical analysis of the ratio (Tu-test / Trcaic.) for ¢¥ tests.

ACI-24["]
Detail ACI- BS'] anfj ACI- | AASHTOI'" | EUROI" | Proposed
A4 Canadianl'® | o[ ] ] Eq. (°)
]
% V,YAA [ ),Y Yg) y,A04 Y, EVY V080 V,Yo.
S.D. YV YA VY L,van .,oFY L EVY V) g
Yi,04 | YYL,AV £Y,AY
CoV, % } . £Y,AY) \ ¥1,ATA £),¥00 | 1),1VY
Low GAGY | ary VY L,vay ©,0)) LY +,3449
High YN | Y,y ¥,r. Y, Evy Y, Yot Y, ¥Y Y,£A4
High/Low | Y,1¥e | ¥,&¥. §,Y A £,Y A £, A 5, 0N Y, €4,
Nun:ber< v VY A ° Ve ¥ \

Regression Analysis of Test Results:

Using regression analysis, the (Y1) and (¢Y) test results of cracking and resistance
moment, respectively were analyzed by computer. The aim is to obtain simple and
conservative equations to predict cracking torsional moment and torsional resistance moment

YYo
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of HSC rectangular section beams under pure torsion, that give the lowest possible COV
values of the ratios (Tcr-test / Tercaic.) and (Tustest / Trcalc.). This has led to the following
prediction equations:

T

cr —Proposed

=0.115(f))"* . x**.y () %)

Where:
Ter-proposed = Cracking torsional moment calculated by proposed method, N.mm

1.2 A[ A 0.26
Y 0.026
Tr—proposed:6'2 80.25 ( Ph : ] (fyl * fy@) (\ o)

Where:
Tr-proposed = torsional resistance moment provided by stirrups and longitudinal torsion
reinforcement, calculated by proposed method, N.mm.

Equation () ¢) is based on the Y main parameters 1, X, and y, while equation ()°) is
based on the Y main parameters Aon, S, At, A, Ph, fyt, and f,.. Tables Y and ¥ had show the
summary of statistical evaluation of the proposed methods. The proposed equation () £) which
estimates Tcr gives the best COV value of (A,4Y1) percent among all other methods with no
result having the ratio of (Tcrtest / Tercaic) <) (Table Y).

As shown in Table (¥), when the proposed equation ()°) [that predicts Tr) was
applied, it led to much safer prediction with only one specimen (out of £Y) having the ratio of
(Tu-test / Trcaic) < ) essentially +,449 = Y, It can be seen that there is a great reduction in the

COV value that was obtained by applying the proposed equation (Y¢) [COV = Y,V percent].
In addition, the value of high/low of the previous ratio was (), ¢4) for this equation, while the
range of this ratio was (Y,1Ye-2,Y2A) for all other methods.

To illustrate the relevance of the proposed method — equation () ), the ratio of (Ty-test /
Tr-caic.) has been compared by this method with that of the latest available ACI Y)AM-+2 Code
["'1 procedure (which is the same as the procedure of the ACI YYA-+A Code ['*l. These are
shown in Figs. Y«Y¢Y¢€ and @,

The comparison in Fig.) between the ACI Y)YAM-+o[""] method and the proposed
equation () ©) shows clearly that for the range of /¢ (¢),Y — ) +4,A) MPa, the proposed method
shows much less scatter in the results. In addition, the number of unsafe results (Ty-test / Tr-calc.)
<\ is greater for the ACI ¥YAM-+¢ Code [ method, despite the fact that this ratio is high in
several cases (up to Y, £YY). It is to be noted that there is a tendency toward greater safety with
rising f”c values for both methods which is an important advantage since much fewer tests are
made on HSC beams in torsion.

Similar conclusions regarding the much greater scatter and the number of unsafe
results by the ACI ¥YAM-+¢ Code ["'1 method can be seen in Fig.Y (influence of the aspect

yvi
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ratio ii), ¥ (influence of sectional area Acp), ¢ (influence of the nominal stirrup strength py.fyt),

and © (influence of the nominal longitudinal steel strength p..f,¢). For the ACI YYAM-.©
Codel"'1 method, there is a significant rise in the factor of safety with rising value of "xi while

the safety factor of the proposed method — equation () °) is not influenced by variation of j?

value- Fig.Y. The influence of Acp is indicated in Fig.™ which shows that for ACI ¥YAM-+ o["']
method, the factor of safety decreases with increasing Acp value. In contrast, the safety factor
of the proposed method is approximately constant with variation of Acp value.

Figs. ¢ and © show clear trends for the overestimation of the influence of the nominal
steel strength (pv.fyx and pe.fye) by the ACI YYAM-«o[™] method. On the other hand, the
proposed method shows no variation in the safety factor with rising value of py.fy: (ranging
between Y,V-V,Ye) MPa, and p..f,¢ (ranging between Y,AA-Y£,V) MPa.

( ® TrACI05 .
4 - A Tr-prop.
| Linear (Tr ACI-05)
Linear (Tr-prop.)
35 1 ° 9
- ® ®
o I ® o
25 - * . *
E .
i L 2 ———
[__'sq : s RS ey
B g . ; .
a0 °
Fﬁl 5 A W
A oy ‘ °
1 - A M A ‘
. o ¢
0.5 4
{} T T T T 1
20 40 60 80 100 120
Compressive strength of concrete /. MPa
. J/

Fig.\ - Influence of compressive strength of concrete f’ on test results
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Fig.¥ - Influence of sectional area Acp on test results
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CONCLUSIONS:

Based on this work, the following conclusions are made:
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. A simple equation () ¢) is presented to estimate cracking torsional moment T¢r in HSC

rectangular section beams.

. Another equation ()°) is suggested for predicting torsional resistance moment T, of

such beams. This method agrees with the recent trend of space truss analogy of shear
flow that bases strength only on the contribution of reinforcement- as in ACI ¥YAM-
4¢ and later ACI Code versions, Canadian, AASHTO-LRFD, and EURO methods.

. The existing methods, give COV values between (2,YA-4,£A) percent for the ratio (Ter-

test/ Ter-calc), While the proposed equation () ¢) leads to a COV value of (A,4Y) percent
for this ratio.

. The COV value of the existing code design methods ranges between (Y£,)3-£Y,AY)

percent for the ratio (Tu-test/Tr-caic). On the other hand, a significant reduction in COV
value has been obtained when the proposed equation ()°) was applied, which led to
the best value of COV-Y),\V percent for this ratio.

. The proposed method — equation () °) is similar to the EURO one- equation (1Y), with

one major difference. Proposed equation () ©) uses powers of values less than +,° for ©
parameters: Ai, Ae, Ph, fyt, and f,.. Therefore, for the ratio (Tu-test/Tr-caic), equation () ©°)
gives low value of essentially +,3%4=) (Table Y). In contrast, EURO method has
respective values of +,¥4¢ and ) ¢,

. The latest code design method (ACI YYAM-- @) has the highest mean value (at Y,A%) of

all the other methods and the highest ratio of Tutest/Trcaic (at ¥»¢Y). Despite this, ACI
¥YAM-+ ¢ Code ["'] method leads to ¢ unsafe ratios, with a low value of (+,A).

For a range of f”c between (£Y,V-)+%,A) MPa, the proposed equation ()°) gives safe
prediction (Fig."), as well as a rising factor of safety with increasing f’. This is
considered useful, since the number of available HSC tests in torsion is limited,
compared to normal strength concrete (fc < ¢),Y MPa).

Figs. Y«¥¢¢ and © show that the factor of safety of the proposed equation () °) is not

influenced by rising values of 1, A, p,-f, and p,.f . On the other hand, the
X

safety factor of the ACI Y)YAM-+2 Code method increases with rising value of and

decreases with rising values of Acp, p,.f,, and p,.f . This may be that the proposed

equation () °) relates to these ¢ factors more closely than ACI Y)YAM-+© method with
practical tests.
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